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Abstract 

We prove a version of the Loebl-Koml6s-S6s Conjecture for dense graphs. For any q > there 
exists a number no € N such that for any n > no and k > qn the following holds: if G be a graph of 
order n with at least n/2 vertices of degree at least k, then any tree of order k + 1 is a subgraph of G. 
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1 Introduction 

Embedding problems play central role in Graph Theory. A variety of graph embeddings (subgraphs, mi- 
nors, subdivisions, immersions, etc) have been studied extensively. A graph (finite, undirected, loopless, 
simple; here as well as in the rest of the paper) H embeds in a graph G if there exists an injective mapping 
: V(H) — > V(G) which preserves edges of H, i. e., (j)(x)(j)(y) £ E(G) for every edge xy 6 E(H). As a 
synonym we say that G contains H (as a subgraph) and write H CG. Let J4? be a family of graphs. The 
graph G is J$? -universal if it contains every graph from Jff. This fact is denoted by 3riP C G. 

In this paper we investigate embeddings of trees. This topic has received considerable attention 
during the last 40 years. The class ^ consists of all trees of order k. One can ask which properties force 
a graph H to be ^-universal. Loebl, Komlos and Sos considered in [9] the median degree of H. 

Conjecture 1.1 (LKS Conjecture). Let G be a graph of order n. If at least n/2 of the vertices ofG have 
degree at least k, then ,%+\ C G. 

The main result of this paper is to prove the LKS Conjecture for "k linear in n". For the exact 
statement see our main result, Theorem II .41 

The bound on k of the minimal degree of high degree vertices cannot be decreased. Indeed, if G is 
a graph in which half of its vertices have degree exactly k — 1, then it does not contain a star K\^. On 
the other hand, it is suspected that the number of vertices of degree at least k can be lowered a little bit. 
This was first raised by Zhao |[22l . Discussion on the lower bound are given in |[T2l . 

There have been several partial results concerning the LKS Conjecture. In J4[, Bazgan Li and Woz- 
niak proved the conjecture for paths. Piguet and Stein ifTTll proved that the LKS Conjecture is true when 
restricted to the class of trees of diameter at most 5, improving upon a result of Barr and Johansson Q 
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and Sun EU1 . There are several results proving the LKS Conjecture under additional assumptions on the 
hosting graph. 

Soffer |[T9l showed that the conjecture is true if the hosting graph has girth at least 7, Dobson Q 
proved the conjecture when the complement of the hosting graph does not contain K2.3 . 

A special case of the LKS Conjecture is when k = n/2. This is often referred to in the literature as 
the (n/2-n/2-n/2) Conjecture, or the Loebl Conjecture. Zhao IT221 proved the (n/2-n/2-n/2) Conjecture 
for large graphs. 

Theorem 1.2. There exists a number hq such that if a graph G of order n > n$ has at least n/2 of the 
vertices of degrees at least n/2, then 3F\ n /2\+\ Q G. 

An approximate version of the LKS Conjecture was proven by Piguet and Stein iPToll . 

Theorem 1.3. For any q > there exists a number iiq and a function f : N — ► M, / G o(l) such that for 
any n > n$ and k> qn the following holds. IfG is a graph of order n with at least (l/2 + /(n))n vertices 
of degree at least (1 + f(n))k, then Q G. 

In this paper we strengthen Theorem [13] by removing the o(l) term. 

Theorem 1.4 (Main Theorem). For any q > there exists a number n^ = no(q) such that for any n > «o 
and k> qn the following holds: if G is a graph of order n with at least n/2 vertices of degree at least k, 
then 2?k+\ Q G. 

In fact, the proof of Theorem 11.41 will yield that the requirement on the number of vertices of large 
degree can be relaxed in the case when n/k'is far from being an integer. 

Theorem 1.5. For any q2> qi > such that the interval [l/q2,l /qi] does not contain an integer, there 
exist numbers £ = £,{q\ 1 q2) > and no such that for any n > no and k G (q\n,q2n) the following holds: 
ifG is a graph of order n with at least (1/2 — e)n vertices of degree at least k, then S^k+i G. 

We explicitly prove only Theorem ll.4l in the paper. In Section[2]we sketch how the proof method can 
be revised to give Theorem 11.51 However, determining the correct value of e (q\ , q2 ) remains open. Note 
also that Theorem [L4] has slightly weaker assumptions on G than Theorem 1 1 . 21 when reduced to the case 
k = [n/2\ — when n is odd, the number of large vertices in Theorem 1 1.41 is smaller by one compared to 
Theorem 1 1.2 1 

Recently, we learned that Oliver Cooley announced an independent proof of Theorem ll.4l 

The parameter which is considered in the LKS conjecture is the median degree. If we replace it by 
the average degree, we obtain a famous conjecture of Erdos and Sos, which dates back to 1963. 

Conjecture 1.6 (ES Conjecture). Let G be a graph of order n with more than [k — 2)n/2 edges. Then 

If true, the conjecture is sharp. After several partial results on the problem, a breakthrough was 
achieved by Ajtai, Komlos, Simonovits and Szemeredi Q, who announced a proof of the Erd6s-S6s 
Conjecture for large k. 

Theorem 1.7. There exists a number k® such that for any k > ko the following holds: if a graph G of 
order n has more than (k — 2)n/2 edges, then ^CG. 

The proof of Theorem 11.71 by Ajtai et al. has two parts. One part settles the dense version of the 
problem; the statement is analogous to Theorem II .41 The other part deals with the case when k/n < qo 
for some fixed value 170- We have indications that the same approach might work for the LKS Conjecture. 
Thus our Theorem [L4] may be one of two essential ingredients in a proof of the LKS Conjecture. 

The current work utilizes techniques of Zhao |[22l and of Piguet and Stein ifToll . We postpone a 
detailed discussion of similarities between our approach and theirs, and of our own contribution until 
Section [2] 
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1.1 Ramsey number of a tree 



We show in this section the connection between the LKS Conjecture and the Ramsey number of trees. 
For two graphs F and H we write R(F,H) for the Ramsey number of the graphs F, H. This is the 
smallest number m such that in any red/blue edge-coloring of K m there is a red copy of F or a blue copy 
of H. For two families of graphs & and ^ the Ramsey number R(^,Jf?) is the smallest number m 
such that in any red/blue edge-coloring of K m the graph induced by the red edges is ^"-universal, or the 
graph induced by the blue edges is J4? -universal. We shall show how Theorem 11.41 implies an almost 
tight upper bound (up to an additive error of one) on the Ramsey number of trees, partially answering a 
question of Erdos, Furedi, Loebl and Sos Q. 

For a fixed number p G (0, 1/2) consider two numbers £\ and £2 such that l\/l2 £ (p, 1//0 and 
l\,l2 > no, where no = no(p/2) from Theorem 1 1.41 Consider any red/blue edge-coloring of the graph 
K( 1+ f 2 . We say that a vertex v G V{K^ l+ ( 2 ) is red if it incident to at least £\ red edges. Similarly, 
v G V(A^ 1+ f 2 ) is blue if it incident to at least £2 blue edges. Each vertex of Ki l+ i 2 is either red or blue. 
Thus we have at least half of the vertices of Kg 1+ g 2 that are red, or at least half of the vertices that 
are blue. Theorem 11.41 can be applied to the graph induced by the majority color. We conclude that 



For the lower bound, first consider the case when at least one of i\ and £2 is odd. It is a well-known 
fact that there exists a red/blue edge-coloring of iQ 1+ £ 2 _i such that the red degree of every vertex is £\ — 1. 
Neither a red copy of K\ £ l nor a blue copy of K\^ 2 is contained in JQ 1+ ^ 2 _j with this coloring. Thus 
R(^e l+ i,^e 2+ i) >£\+£2 — 1. A construction in a similar spirit shows that/?( ^+1, > £\ +£2 — 2, 

if £1 and £2 are even. We have 



Let us note that an easy consequence of the ES Conjecture would be that the lower bound in (11.21) is 
attained. 

Ramsey numbers of several other classes of trees have been investigated; the reader is referred to a 
survey of Burr and to newer results in ll8l [T0l[TTll . 

2 Outline of the proof 

Theorem 1 1 .41 is proved by iterating the following procedure in steps /= 1,2,3, At each step i, we 

find a set Q C V(G) \ U/<iY/ such that at least about half of the vertices in Q are large (i. e., of degree 
at least k). Using the Regularity Lemma, we try to embed a given tree T G ^+1 in Q. If we do not 
succeed, then we can extract from Q a subset V^i C Q of size approximately k, that is nearly isolated 
from the rest of the of the graph, and for which at least half of the vertices are large. If we cannot embed 
T G ^k+\ in any of the iterating steps (i. e., V(G) \U, ^' — ®)> we obtain a particular configuration of the 
graph G, called the Extremal Configuration. In this case, we prove that 7C6, without the use of the 
Regularity Lemma. 

In the remainder of the overview, we explain in more detail the proof of the part using the Regularity 
Lemma, as well as the part when G is in the Extremal configuration. 

The Regularity Lemma Part. Before applying the Regularity Lemma itself, we first resolve two 
simple cases. The first one is when Q is close to a bipartite graph with one of its color-classes being the 
large vertices (see Proposition 14.21) . The second case (see Proposition 14.31 ) is when the tree T is locally 
unbalanced (see definition on page [8]). In both cases an easy argument shows that T C G. 

We apply the Regularity Lemma to the graph G and obtain a cluster graph G. We apply a Tutte-type 
proposition (Proposition 16.41 ) to the subgraph induced by clusters in Q, which guarantees the existence 



R(2t 1+ i,2t 2 +i)<£i+£2. 



R(3?( 1+ i,3?( 2+ \) =£\+£2 , if £\ is odd or £2 is odd, and 
£1 +£ 2 - 1 < R(Si l+1 ,Si 2+ i) <£i+£ 2 , otherwise. 



(1.1) 
(1.2) 
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of one of two certain matching structures in G. Both expose a matching M in the cluster graph, and two 
clusters A and B that are adjacent in G and that have high average degree to the matching M. These 
structures are called Case I and Case II. The principle of the embedding is to use the edges of M to 
embed parts of the tree in them, and use the clusters A and B to connect these parts. 

The Extremal Case Configuration. In the Extremal case we are given disjoint sets V\,...,ViQ V(G) 
such that each of them has size approximately k, contains at least nearly k/2 large vertices, and each set 
Vj is almost isolated from the rest of the graph. 

If the sets Vi , . . . , V; exhaust the whole graph G, we are able to show T C G. We find a set V, so that 
most of T can be mapped to V, . We may need to use the few edges that interconnect distinct sets Vj to 
distribute parts of the tree T outside V, . The way of finding these "bridges" depends on the structure of 
the tree T. 

If Vi, . . . ,Vj do not exhaust G, the method remains the same. However, it has two possible outputs. 
Either we show that rCGor we are able to exhibit a set Q C V \ [jj^Vj allowing the next step of the 
iteration. 

Strengthening of Theorem 11.4] — Theorem 11.51 The only place where we use the exact bound on the 
number of large vertices is the last step of the Extremal case. That is, the whole vertex set V(G) is 
decomposed into sets Vj, each of them almost exactly of size k. But such a decomposition cannot exist 
when & £ {q\n,qin), [l/qi, l/#i] H N = 0. This suffices to prove Theorem [T31 

Relation to previous work. The proof of Theorem 1 1.41 is inspired by techniques used to prove Theo- 
rem [OKED) and Theorem 1 1 . 2 1 ( E2l ) . Both these papers build on a seminal paper of Ajtai, Komlos and 
Szemeredi [2j where an approximate version of the (n/2 — n/2 — «/2)-Conjecture is proven. In Q the 
basic strategy is outlined. 

In ll22l the aproach of Ajtai, Komlos and Szemeredi is combined with the Stability method of Si- 
monovits |[T8l . One extremal case is identified, and solved without the use of the Regularity Lemma. 

The main contribution of |[T6l is a more general Tutte-type proposition, which is applicable even 
when k/n < 1 /2. 

In this paper we further strengthen the Tutte-type proposition from lfl6l . The Extremal case is an 
extensive generalization of the Extremal case from ll22l . 

Algorithmic questions. Let us remark that our proof of Theorem 11.41 yields a polynomial time algo- 
rithm for finding an embedding of any tree T G tfc+i i n G, given that k and G satisfy the conditions 
of Theorem 11.41 Indeed, it is easily checked that all existential results we use (Regularity Lemma, and 
various matching theorems) are known to have polynomial-time constructive algorithmic counterparts. 
We omit details. 

3 Notation and preliminaries 

For n € N we write [n] = {1,2, . . . ,«}. The symbol means the symmetric difference of two sets. The 
function ci : R — ► Z is the closest integer function defined by ci(x) = [x\ ifx— [x\ < 0.5, and ci(je) = \x] 
otherwise. 

We use standard graph-theory terminology and notation, following Diestel's book I0. We define 
here only those symbols which are not used there. The order of a graph H and the number of its edges are 
denoted by v(H) and e(H), respectively. We write H[X, Y] for the bipartite graph induced by the disjoint 
vertex sets X and Y, and E(X,Y) for the set of the edges with one end-vertex in X and the other in Y. We 
write e(X,Y) = \E(X,Y)\. For a vertex x and a vertex set X we define deg(x,X) = deg x (x) = e({x},X). 
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For two sets X,F C V(H) we define the average degree from X to F by deg(X,F) = e(X,Y)/\X\. We 
write deg(X) as a short for d€g(X,V(H)). We define two variants of the minimum degree of H. In the 
following, X and F are arbitrary vertex sets. 

8(X) = mindeg(v) , and 

vex 

8{X,Y) = mindeg(v,F) . 

vex 

N(jc) is the set of neighbors of the vertex x, Nx{x) is the neighborhood of x restricted to a set X, i. e., 
N^(x) = N(je) nX, and N(X) is the set of all vertices in H which are adjacent to at least one vertex from 
X,i.e.,N(X)=U ve xN(v). 

Let P = vi V2 . . . V£ be a path. For arbitrary sets of vertices X\,X2, . . ■ ,Xe we say that P is a Xi <-> X2 
...«-> Xg-path if v, G X for every z G [£]. An edge xy is an X <-> F edge if x G X and y G F and a matching 
M is a X <-> F matching if its every edge is an X <-> F edge. 

The weighted graph is a pair (H,co), where H is a graph and (0 : F(//) — ► (0,+°°) is its weight 
function. For two setsX,F C V(H) the weight of the edges crossing from X to Y is defined by e w (X,Y) = 
Lrve£(x,y) G)(xy). Denote by deg ffl the weighted degree, deg co (v) = Z ueV (H),vueE(H) G)(vu). For a vertex 
v and a vertex set X we define deg ffl (v,X) analogously to deg(v,X). 

We omit rounding symbols when this does not effect the correctness of calculations. 



3.1 Trees 

Let F be a rooted tree with a root r £V(F). We define a partial order ^ on V(F) by saying that a <b 
if and only if the vertex b lies on the path connecting a with r. If a -< b we say that a is below b. A 
vertex a is a child of b if a <b and a/? G E(F). And, in the other way, the vertex b is a parent of a. 
Ch(b) denotes the set of children of b. The parent of a vertex a is denoted Par(a) (note that Par(a) 
is undefined if a = r). We extend the definitions of Ch(-) and Par(-) to an arbitrary set U C V(F) by 
Par(£7) = U Me£/ Par(w) and Ch(U) = \J ueU Ch.(u). We say that a tree F\ C F is induced by a vertex 
x G V(F) if V(Fi) = {v G V(F) : v < x} and we write F\ = F(r, | x), or if the root is obvious from 
the context F\ = F{{x). A subtree Fq of F is a full-subtree with the root y G V(F), if there exists a set 
C C Ch(y), C 7^ such that F = F[{v} U \J beC {v : v ^ fe}]. We never refer to y as to a leaf of the full 
subtree Fo, and of the tree F\ induced by y, even though it may be a leaf of Fq and of F\ in the usual 
sense. A tree F2 C F is an end subtree if there exists a vertex w G V(F) such that F2 = F(| w). If a 
subtree F3 C F is not an end subtree, then we call it an interior subtree. 

Fact 3.1. Let (F,r) Z?e a rooted tree of order m with £ leaves. 

1. For any integer niQ, < niQ < m, there exists a full-subtree Fq ofF of order m G [mo/2, mo]. 

2. For any integer £q, < Iq < i, there exists a full-subtree Fo ofF with i leaves, where I G [^o/2, A)]- 

Proof. 1. We shall move sequentially the candidate ro for the root of Fo downwards (in ^), stalling 
with ro = r. In the first step we have v(F(| ro)) = m > mo/2. If v(F(j c)) < mo/2 for every 
c G Ch(ro) then we can find a set C C Ch(ro) of vertices such that the full-subtree Fo = F[{ro} U 
Ucec{ v : v — C }1 nas order in the interval [mo/2, mo]. Otherwise, there exists a vertex c G Ch(ro) 
such that v(F(| c)) > mo/2. We reset ro = c and continue. 

2. This is analogous. 

□ 

Fact 13. H is sometimes used without the root of the tree being specified. Then, any internal vertex of 
the tree can serve as a root. 
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For any tree F we write F e and F for the vertices of its two color classes with F e being the larger 
one. We define the gap of the tree F as gap(F) = |F e | — \F a \. For a tree F, a partition of its vertices into 
sets Ui and £/ 2 is called semiindependent if \U\\ < \U%\ and £/ 2 is an independent set. Furthermore, the 
discrepancy of (i/i,i/ 2 ) is disc(?7i , t/2) = [ t/2 1 — |t/i| and the discrepancy of F is 

disc(F) = max{disc(t/i,t/ 2 ) : (1/1,1/2) is semiindependent} . 

Clearly, gap(F) < disc(F). 

Fact 3.2. Let (t/i,t/ 2 ) be a semiindependent partition of a tree F, v{F) > 1. Then U2 contains at least 
|^2| — \Ui \ + 1 leaves. 

Proof. We root F at an arbitrary vertex xEU\. Let U' 2 be the set of internal vertices in £/ 2 . Since each 
vertex in U' 2 has at least one child in U\ \ {x} and these children are (for distinct vertices in Uj) distinct, 
we obtain | U\ \ {x} \ > | U'^ \ . Hence the number of leaves in U2 is at least 1 1/2 1 — | f/i | + 1 . □ 

Lemma 3.3. Let r be a vertex of a tree T, and let (U\,U2) be any semiindependent partition ofT. Let 
J?T be a subset of the components of the forest T — {r}. Then 

1. ||v(jr)nr e |-|v(jr)nr || <disc(r) + i. 

2. |y(jf)nt/ 2 |-|v(jr)nt/i| <disc(r) + i. 

Proof. We prove only Part 1, Part 2 being analogue. The statement is obvious when \V(J(f) n T e \ — 
\V(Jf) n T \ = 0. Suppose that \V(Jt) n T a \ - \V{Jff) <^T b \=l>0, where a,b £ {e,o}, a / b is a 
choice of color-classes. It is enough to exhibit a semiindependent partition (1/1,1/2) of the tree T with 
~ \U\ I > I |V(Jf ) n r e | - |y(^) n r | | - 1. Partition the components of the forest T — {r} that 
are not included in into two families srf and S3 so that ^ contains those components K J£T for 
which \V(K) nr a | > \V(K) ClT b \, and ^ contains those components # for which |V(£) n < 
\V(K) C\Tb\. Obviously, the partition below satisfies the requirements. 

Ui = {r} u (y(jr) n T b ) u n 7),) u (v(#) n r fl ) , 
c/ 2 = (y(JT) n r fl ) u (y(^) n r a ) u (v(&) n r fo ) . 

□ 

Fact 3.4. Let F be a tree with i leaves. Then F has at most t — 1 vertices of degree at least three. 

Proof. We partition V(F) into the set of leaves V\, the set V% of vertices of degree two, and the set V3 of 
vertices of degree at least three. The handshaking lemma applied to F yields that 

2v(F) -2 = £deg(v) > \Vi \ +2\V 2 \ + 3|V 3 | = 2v(F) -£+\V 3 \ . 

V 

The statement readily follows. □ 
3.2 Greedy embeddings 

Given a tree F and a graph H there are several situations when one can embed F in H greedily. For 
example, if 8(H) > v(F) — 1, then we embed the root of F in an arbitrary vertex of H and extend the 
embedding levelwise. An analogous procedure works if H is bipartite, H = (Vi, V2',E), and 5(Vi,V2) > 
|^e|i5(V2,Vi) > |F D |. The fact stated below generalizes the greedy procedure. 

Fact 3.5. Let (1/1,1/2) be a semiindependent partition of a tree F. If there exist two disjoint sets of 
verticesVi and V2 of a graphH such that min{5(Vi , V2), 8(Vi,Vi), 8(V2, Vi)} > \Ui\ and8{V\) >v(F) — 
1, then F CH. 



6 



Proof. The statement is trivial when v(F) = 1. In the rest, assume that v(F) > 1. The set U\ denotes 
the leaves of U 2 . By Fact \U 2 \ U\\ < \U\ \ - 1. We embed greedily F - U\ in H, mapping the 
vertices from U\ to V\ and the vertices from U 2 \ U\ to V 2 . We argue that the greedy procedure works. 
If we have just embedded a vertex u G U\ then we can extend the embedding to all vertices N(w) n U\ 
since 8(Vi,Vi) > \Ui\. The embedding can be extended to all vertices from N(w) n (U 2 \ U\) since 
S(V\,V 2 ) > \U 2 \U\\. If we have just embedded a vertex w £U 2 \U\ then we can extend the embedding 
to all vertices from N(w) since 8(V 2 ,V\) > \Ui\. The leaves U\ are embedded last, using high degrees 
of the vertices in V\ . □ 

3.3 Matchings 

Let us state a simple corollary of Hall's Matching Theorem. 

Proposition 3.6. Let K = (Wi,W 2 ;J) be a bipartite graph such that 8{K) > \Wi\/2 and \Wi\ < \W 2 \. 
Then K contains a matching covering W\. 

3.4 A number-theoretic proposition 

Proposition 3.7. Let I be a finite nonempty set, and let a,b,A > 0. For i G /, let a,-, j3,- G (0, A]. Suppose 
that 

a b ^ ^ 

Then I can be partitioned into two sets I a and lb so that Y*iei„ a i > a ~ A an d T,ieih A — b- 

Proof. The reader may find a straightforward proof in lfT6ll . □ 



3.5 Specific notation 

A graph H is said to have the LKS-property (with parameter k) if at least half of its vertices have degrees 
at least k, i. e., we have \L H \ > v(H)/2, where L H = {v G V(H) : deg#(v) > k}. 

When we refer to q,no,n,k or G in the rest of the paper, we always refer to the objects from the 
statement of Theorem 1 1.41 The vertex set of G is denoted by V. We partition V = LUS, where L = {v G 
V : deg(v) > k} and S = {v£V : deg(v) < k}. We call vertices from L large and vertices from S small. 
The hypothesis of Theorem 11.41 implies that \L\ >n/2. Finally T denotes a tree of order k + 1 which we 
want to embed in G. 

Statements like "there exists a number y > such that a property ^(y) holds for any graph G" 
should read as "given q > 0, there exists a number y > such that a property ^(y) holds for any graph 
G of order at least no(q)". 



4 Proof of the Main Theorem (Theorem PI) 

We first need to state some auxiliary propositions. For the first proposition, we need to introduce the 
notion of (j3, a)-Extremality. For two numbers j8,a G (0,1), a decomposition of the vertex set V = 
Vi U V 2 U . . . U V x U V is (j3 , o)-Extremal if 

• X > 1 . 

• (l-/3)£< \Vi\ < (l+p)k for each /G [A] . 

• v = or \V\ >ak . 

• e(Vi,V \ Vi) < fik 2 for each i G [A] , and e(V , V \ V ) < j5k 2 . 
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• (1 /2 — P)k < \Vt nL| for each i G [X] . 

• |VnL| < (1/2 — <t)]V| . 

Proposition 4.1. There exists a constant ce > such that the following holds. If G admits a (j3,a)- 
Extremal partition Vi,...,V% ,V for f5 , a < ce, j3 <C ct, Q G, or there exists a set Q CV such 

that 

• \Q\>k/2. 

• \Qr\L\ > \Q\/2. 

• e(Q,V\Q)<ok 2 . 

Proposition 14. 1 1 will be proved in Section[8] The next proposition is referred to as the Special Case. 

Proposition 4.2. For all q, ce > 0, there exists a number cs > 0, cs *C ce such that if there exists a set 
V C V with the following properties 

• |V| > J/c^k, 

• e(V,V\V) <c s k 2 , 

• (1/2 — cs)|V| < \VDL\,and 

• e(G[VnL])<c s jc 2 , 
then 3?k+\ ^ G. 

Proof of Proposition 14.21 is given in Section [5] The following proposition is will allow us to reduce 
trees which are locally unbalanced from further considerations. Let us introduce the notion (un)balanced 
forest now. 

For a number c G (0, 1 /2) we say that a family ^ of vertex disjoint subtrees of a tree T G is 
c-balanced if the forest formed by the trees fG 1 ^ with \t \ > c • v(f) is of order at least ck, i. e., 

I v(t)>c*. 

l'o|>cv(/) 

The family ^ is c-unbalanced if it is not c-balanced. 

Proposition 4.3. Let cs be given by Proposition \4.2\ Then there exists a constant cu > such that the 
following holds for any tree T S 2?k+\- If there exists asetWC V(T), \W\ < cjjk such that the family & 
of all components of the forest T — W is c\j-unbalanced, then ICG. 

Proposition 14.31 will be proved in Section l6"2l The last auxiliary proposition (Proposition 14.41) will 
be proved in Section [7] 

Proposition 4.4. Suppose that q,cs,CE and c\j are fixed positive numbers. For any a, ft) > with 
a >C ft) < min{^,cs,CE,cjj}, there exist j5 > and no = no(a, ft)) such that for any graph G on n> no 
vertices satisfying the LKS-property (with k>qn) with a subset V QV having the following properties 

• \V\>ycgk, 

• e(?,V\V) < pk 2 ,and 

• \Lf]V\ > (l-a)|V|/2, 
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there exists a subset V' C V such that 
o (1- co)k< \V'\ < (l + co)k, 
o |V'nL| > \V'\/2, and 

o e(v",y\y') < co£ 2 , 

or 3k+i C G. 



Proof of Theorem \L4\ Let cs,cu, and ce be given by Propositions 14.3 [ l4~2l and |4~T1 respectively. Set 
I = Cty = min{^r,cs,cu,CE}, and C7g <C (Of. We find a sequence of parameters 

< j8i < ai < coi = J3 2 < a 2 < a>2 = j3 3 < • • • < Gfc_i = & < a f < tty , (4.1) 

obtained by the following iterative procedure. In step i = 1 start by setting j8f as the number given by 
Proposition 14.41 for input parameters Oi and cog. Set (Qt-\ = and o"^_i <C G>f_i. In general, in step i 
we define fic+i-i as the number given by Proposition 14.41 for input parameters (T^+i_i and £ty + i_^. Set 
tQf_j = fy+i-i and a^_,- <C Cty-,-. Repeat the procedure for £ steps. Set «o — max {wo(Of, CO,)}, where 

;'=1,...,£ 

no((Ji,(Oi) is also from Proposition 14.41 

Let G be a graph satisfying the conditions of Theorem ll.4l (i.e.. is fixed, « is sufficiently large, and 
k > qn). We can make the following assumptions. 

Assumption 4.5. \L\ < \S\ + 1. 

Proof. Suppose that \L\ > \S\ + 2. If e(L,S) = 0, then any tree T € embeds in G[L] greedily, and 
Theorem ll.4l is proven. Otherwise, there exists an edge e € E(L,S). The graph G' = G — e is of order n 
and has the LKS -property. Indeed, at most one vertex of L has decreased its degree in G'. For a graph 
H, denote by L H the vertices of H with degrees at least k and S H the vertices of degree less than k, i. e., 
L = L G . Then \L G '\ > \L G \ - 1 > \S G \ +2- 1 > \S G '\. If C G', then C G. We can repeat this 
procedure until 3?k+\ Q G or obtain a spanning subgraph G'CG satisfying the LKS-property and such 
that \L G *\ < |S G *| + 1. □ 

Assumption 4.6. 77ie re? 5 is independent. 

Proof. If Assumption l4.6l is not fulfilled, we erase in G all the edges induced by S. Clearly, the modified 
graph G' still has the LKS-property and fulfills Assumption 14.61 This does not disturb Assumption 14.51 
Any tree that is subgraph of G' is also a subgraph of G. □ 

Let # = ci(n/k). We iterate the following process for at most # steps. In step i, i < #, we prove 
that 3?k+i C G or we define a set V, C V \ U ;<i Vj such that the following conditions are fulfilled for each 

(Pl)i (l-ft)*<|V/|<(l+ft)*. 
(P2)j |LnV/| > (1/2 -ft-)*, and 
(P3)j e(V / ,V r \V / )<At 2 . 
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In the step i = 1, we apply Proposition 14.41 with parameters V = V , o = 0\, (O = (0\ and obtain that 
3Fk+\ Q G, or there exists a set V\ satisfying (Pl)i, (P2)i, and (P3)i. Suppose that in step i we have sets 
Vi,.. .,Vi-i that satisfy the conditions (Pl),_i, (P2)/_i, and (P3),-_i. Set V* = V\U ; -<iV/. 

First assume that |V*| > Jfcik. If \LC\ V*\ > (1 - Oi_i)|V*|/2, the graph G satisfies the conditions of 
the Proposition g3]( withV = V*). If |LnV*| < (1 - <T/_i)|V*|/2, then the decomposition y, ... ,Vj_i,V* 
is (j3,-_i, C7,-i) -Extremal. We first apply Proposition 14. 1 1 and show that -% + \ C G, or there exists a set 
gCV* satisfying 

• \Q\>k/2, 

• |GDL| > |e|/2 , and 

• e(Q,V\Q) <o i - i k 2 . 

It is enough to assume the latter case. Again, the graph G satisfies the conditions of Proposition 14.41 
(with V = Q). Proposition I4.4l yields that Sfy+x Q G, or that there exists a set y C Q satisfying Properties 
(P1),-(P3),-. 

It remains to deal with the case |V*| < tfesk. Having found sets Vi,...,V$ satisfying (P1)#-(P3)#, 
we redistribute the small amount of (at most tfc$k) vertices of V equally between Vi, . . . ,y#. The thus 
defined partition is (^/cs,ce) -Extremal. Proposition 14. 1 1 yields that ^k+\ Q G (as no new set Q can be 
found). □ 



5 Special case (proof of Proposition 14.21) 



Proof of Proposition \4. 21 First observe that 



\V\ >3fc/4 



(5.1) 



Indeed, suppose for contrary that \V\ <3k/4. The facts that \V\> tfc$k and \VC\L\ > (1 /2 — c s )|V| 
imply that |VTlL| > (1/2 — cs)^/csk > tfc$k/4. Each vertex in V HL emanates at least k/4 edges into 
V\V. Therefore e(V n L, V \ V ) > j/c^k 2 /\6, a condtradiction to the fact e(V,V\V)< c s k 2 . 

Fix a set L' CLnV of size \L'\ = (l/2-cs)|V|. Define L = {u G U : deg(w, V\L') > (l-2^/cs)Jfc}. 
It holds for any vertex x G L' \L that deg(x,L') + deg(.x, V \V) > 2^/cgk, otherwise it would be included 
inL. Since e(G[U]) +e(L' \L,V \V) < 2c s k 2 we get (using (ED) that \L'\L\ < y/cgk <2y/c§\V\. 
Consequently, \L\ > (1/2 — 3y^cs)|V|. We verify that the set 5, defined as S = {u G V\L' : deg(w,L) > 
(1 — 9^/cs)k}, covers almost the whole set V\L'. Define L = {y G V \L' : deg(j,L) > k}. Observe that 
LCLflS. Indeed, not more than c$k 2 edges of E[L,V\ L'] are incident to some vertex x G L. Hence the 
number of edges in the bipartite graph B = G[L, V \ (L' U L)] is at least 

\L\(l-2^)k-c s k 2 > ^\V\k-5^\V\k + 8c s \V\k-c s k 2 > -\V\k-5^/cg\V\k . (5.2) 

On the other hand, we upper-bound the number of edges in the graph B using the fact that for any 
x G S\L and for any y G V\ (L'US) it holds deg B (x) < k and deg B (v) < (1 — 9S/cs)k, respectively. 



e(B) < \S\L\k+\V\(L'\JS)\{\-9^)k< \S\k - 9^\V \ (L* 
< (l/2 + c s )|y|jt-9^|y\(L'U5)|ik. 



US)\k 



(5.3) 



Combining (15.21 ) with (15.31 ) we obtain 



\V\(L'\J§)\ <ycE\V\ 
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By the choice of L and 5, the minimum degree of vertices in L in the bipartite graph G\ = G[L,S] is 
at least k — 9^/cs\V\, and of those in S at least (1 — 9^/c~s)k. By choosing sufficiently small cs we can 
guarantee that 8(Gi) > k/2. 

Let T G S?k+\ be an arbitrary tree. We write T e n for the set of internal vertices of T which are 
contained in T e and r e ' for the set of leaves in T e . By Fact 13 .21 it holds |r e n | < |r o | < k/2. We embed the 
subtree T — !T e in G\ using the greedy algorithm embedding the vertices from T e n in S. The last step is 
to embed the leaves rj. This can be done using the property of high degree of vertices in L (note that T e ' 
may be mapped outside G\ at this step). □ 



6 Tools for the proof of Proposition I4T4 
6.1 Szemeredi Regularity Lemma 

In this section we recall briefly the Szemeredi Regularity Lemma |21] and establish related notation. 
The reader may find more on the Regularity Method in lfl4l[T3ll . 

Let H = (V(H);E(H)) be a graph of order m. For two nonempty disjoint sets X,yc V(H) we 
define density of the pair (X,Y) by 

x e(X,Y) 
d(X,Y) = / , . 

\ X \\ Y \ 

For £ > we say that a pair of vertex sets (A, 5) is e-regular if |d(A,S) — d(X,F)| < £ for every choice of 
X and Y , where X C A, Y C B, \X\ > e\A\, \Y\ > e\B\. For an £-regular pair (A,B) a set X C A, and a set 

7 C Sis called a significant set if |X| >e|A|,and|F| > e|fi|, respectively. For an £-regular pair (A,B) we 
say that a vertex v G X is typical with respect to a significant set W C F if deg(v,B) > (d(A,B) — 2e)|W|. 

Fact 6.1. 7. Le? (X,Y) be an e-regular pair and W be a significant set. Then all but at most 
e\X\ vertices ofX are typical w.r.t. W. 

2. Let X,Y\,Y2, . . . ,Y( be disjoint sets of vertices, such that (X,Y\), (X,!^)) ■ • • , (X,Y() are e-regular 
pairs. Suppose that we are given sets Wj C F; which are significant for each i £ [£]. Then there are 
at most yfk~\X | vertices ofX which are not typical with respect to at least \J~el sets Wj. 

Proof. 1 . The proof is direct. 

2. For a vertex v G X, let I v C [£] be the set of those indices / for which v is not typical with respect 
to Wj. For contradiction, suppose that |{v G X : |/ v | > y/e£}\ > \fe\X\. Then 

£|{vGX : /G/ V }| = £|/„|>£|X|£. 

ie[£] vex 

By averaging, there exists an index io G [£} such that the set U = {v G X : /o G /,,} is significant. 
Then, 

d(t/, W ) = LveU ^ V f io) < d(X,W !0 ) - 2£ < d(X,F, ) - £ , 
a contradiction to the regularity of the pair (X,7 i0 ). 

□ 

A partition Vb , V\ , . . . , Vn of the vertex set V (H) of the graph // is called (e , N) -regular if 

• | Vb| < em, 

• |V| = \Vj\ for every i,j G [TV], and 
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• all but at most sN 2 pairs (V/,V/) (for i,j £ [iV]) are £ -regular. 

The sets Vi , . . . , Vn are called clusters. 

The Regularity Lemma we use deals with graphs with initial prepartitioning of the vertex set. Its 
proof follows the same lines as the proof of Szemeredi's original result EH . 

Theorem 6.2 (Regularity Lemma, with initial partition). For every e > and every mo,r £ N, f/iere 
en's? numbers Mo, No £ N swc/j every graph H of order m > iVb whose vertex sets is partitioned into 
r sets 0\ U O2 U . . . U O r = V(H) admits an (e;N)-regular partition Vb, Vi , . . . , V^for some mo<N < Mo 
such that for every i £ [N] we have Vj C Ojfor some j £ [r]. 

6.2 Cutting the trees, and the (un)balanced trees 

Let T £ $k+i be a tree and I £ N,£ < k. The purpose of this section is to give constructive definitions 
of an £-fine partition of T, and a switched ^-fine partition of T. The tree T is rooted in a vertex R. This 
gives us order < on V(T). 

For a tree F C F such that F. £" V(F) we define the seec? o/F as the unique vertex v £ V(F) \V(F) 
such that F C F(F, j v) and v is adjacent to a vertex from F. We write Seed(F) = v. 

S et 7b = T and i = 1 . We repeatedly (in step i) choose a vertex Xj € V (7J_ 1 ) such that v(7]_ 1 ( J. jc,-) ) > I 
and such that x, is ^-minimal among all such possible choices. We set 7} = 7}-i — (V(7}_i(j xi)) \ {x,-}). 
If no such Xj exists we have v(7}_i) < We then set jcj = 7? and terminate. Since we deleted at least i 
vertices in each step, we have i < \(k + l)/f\ at the moment of terminating. Set 

A' = {xj : dist(x j,R) is even} and B' = {xj : dist(x j,R) is odd} . 

Let 'lo a and ^ B be those components t of the forest T — (A'UB 1 ) which have Seed(?) £ A' and Seed(f) £ 
B' , respectively. For a component t we write 

X(t) = V(t)DN(B') for?£%,and 
X(/)=V(/)nN(A') for?£^ B . 

SetW A =A'U\JteV A x (t) aDdW B = B , U\J,^X(t). Observe that max{|W A |, \W B \} < |A'| + |5'|. Let Q) A 
and &b be those components t of the forest T — (Wa UWg) which have Seed(?) £ Wa and Seed(?) £ W B , 
respectively. The l-fine partition ofT is the quaternary Q) = (W A ,W B , @ A ,@ B ). The following properties 
of the l-fine. partition of T are obvious from the construction. 

• R £ W A . 

• The distance from any vertex in W A to any vertex in W B is odd. The distance between any pair of 
vertices in W A or between any pair of vertices in W B is even. 

• T is decomposed into vertices W A , W B , and into trees S$a and Ql B . 

• No tree from Qa is adjacent to any vertex in W B . No tree from & B is adjacent to any vertex in Wa- 

• max{\W A \,\W B \}<f. 

• v(t) < i for any tree t £ <& A U 3> B . 

The partition Ql will be further refined to get a switched i?-fine partition. Let <2i* A and 3> B denote 
the end-trees from ^4 and f^g, respectively. In the following we assume that Y,te@£ v (0 > EreS 1 * v (0- 
If this was not the case, we exchange the sets Wa, W b , and S>a, Si B - For any tree t £ 3> B \ S> B set 
Y(t) = V(t) fl N(Wg). Observe that L € *\3S < 2|W fl |. Define ^ = W A UUeSfeV^W- The 
switched l-fine partition ofT is the quaternary 5? = (W^,Wg, @ A ,@' B ), where 5% and ^ are the sets of 
components of T — (W A UW B ) with the seed in W A and W B , respectively. The switched ^-fine partition of 
T satisfies the following properties. 
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• ReW A UW B . 

• The distance from any vertex in W A to any vertex in Wb is odd. The distance between any pair of 
vertices in W A or between any pair of vertices in Wg is even. 

• T is decomposed into vertices W A , Wb, and into trees 3s' A and @' B . 

• No tree from $> A is adjacent to any vertex in Wb- No tree from 3>' B is adjacent to any vertex in W A . 

• maz{\Wi\,\W B \}<lf. 

• v(/) < £ for any tree <G^U 

• @' B contains no internal tree. 

• We have 

I v(0 > I v(0 . 

t end tree 

For an £-fme partition (or a switched £-fine partition) @ = (Wa,Wb,2$a,@b) the trees fG^Ufg 
are called shrublets. 

The ^-fine partition and the switched £-fine partition may not be unique, the construction depended 
on the choice of the root R. However, this is not a problem in the later setting; we only need that there 
exists at least one ^-fine partition Q) and one switched l-fme partition of T satisfying the above 
properties. 

Proof of Proposition \4.3\ Set c\j = cs/4. 

If the set L induces less then c$n 2 edges then we have T C G by Proposition l4.2l In the rest we assume 
that G[L] contains at least c$n 2 edges. A well-known fact asserts that there exists a graph G' C G[L] with 
minimum degree at least half of the average degree of G[L], i. e., 8(G') > c§n > 4c\](k + 1). 

Let ^ C ^ be those trees t £ for which |f | < csv(?)- It holds that £,eW v (0 > (1 -4cu)^- We 
apply Fact l3.2l on each tree t G < ^ / . Summing the bound on the number of leaves, given by Fact l3.2[ we 
get that there are at least (1 — 2c\j)(k+ 1) leaves in the trees of 'if'. A leaf of a tree t G is either a leaf 
of r or it is adjacent to a vertex in W. Root T at an arbitrary vertex r. The vertex r determines a partial 
order ^ with r being the maximal element. Let X be those vertices of T which are a leaf of some tree 
t G c to ! but not a leaf of T . Each vertex in X is either a ^-minimal or a ^-maximal vertex of some tree 
t € ^. Let Xmin C X be the ^-minimal vertices and X max = X\ X m j n . (Note that X max does not have to 
contain exactly the ^-maximum "fake" leaves of T; the vertices which come out from 1 -vertex trees of 
& are not included.) As each tree t has a unique ^-maximal vertex we get |X max | < h, where h is the 
number of trees t in St?' which have order more than 1 . Observe, that each such tree t has at least l/cu 
vertices and thus h < c\j(k+ 1). For each v G X m j n we have |Ch(v) HW\ > 1. Since for each u G W it 
holds |Par(«) nX m i n | < 1 we have |X m i n | < \W\ < c\jk. Summing the bounds we get |X| < 2c\j(k + 1). 
Thus T has at least (1 — 4c\\){k+ 1) leaves. Let T' C T be a subtree of T formed by its internal vertices. 
We have v(T') < 4cu(k+ 1). We embed T' in G' greedily. Then we extend the embedding also to the 
leaves of T, using the high degree of the images of V(T'). □ 

6.3 A Tutte-type proposition 

Graph H is called factor critical if for any its vertex v the graph H — v has a perfect matching. 
The following statement is a fundamental result in the Matching theory. See |[T5l . for example. 
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Theorem 6.3 (Gallai-Edmonds Matching Theorem). Let H be a graph. Then there exist a set QC V(H) 
and a matching M of size \ Q\ inH such that every component ofH — Q is factor critical and the matching 
M matches every vertex in Qto a different component ofH — Q. 

The set Q in Theorem l6.3l is called a separator. 

Proposition 6.4. Let (H, co) be a weighted graph of order N, with (0 : E(H) — > (0,s]. Let a,K be two 

positive numbers with 1 / (2N) < O < min{K/(32Ns), 1 / 10}. Let be an arbitrary set of vertices, such 
that 

• V(H) \ Jzf is an independent set, 

• | if | >N/2-oN, 

• deg w (w) > Kfor every u G J£, 

• the set Jz? induces at least one edge in H, 

• deg w («) < (1 + o)K for every u G V(H) \ 

Set Jz^* = {u G V{H) : deg ffl («) > (1 + a)^/2}. 

r/ien there exist a matching M and two adjacent vertices A,B G V(H) such that at least one of the 
following holds. 

Case I For the vertex A it holds deg m (A,V (M)) > K and for each edge e G M we have |N(A) D e\ < 1. 
For f/je vertex S if holds deg C0 (S, V(M) U^*) > (1 + <t)*T/2. 

Ca-ye // There exists a set SC' C w/f/i deg®^, V(M)) > deg ro (x) - loNsfor all vertices x G ^T'. 

Furthermore, A,B G JT'nJzf, W |V(M') \ < 1, where M' = {xy G M : ijeN(r)}. 

Moreover observe that each edge e G M intersects the set if. 




Figure 1 : Two resulting matching structures from Proposition 6.4. Dashed lines represent no connections 
(in Case I), or sparse connections (in Case II). 



Proof. Among all matchings satisfying the conclusion of the Gallai-Edmonds Matching Theorem, choose 
a matching Mo that covers a maximum number of vertices from V (H) \ Jzf*. Let Q be the corresponding 
separator. Recall that M is a Q <-> (V(H) \ £2)-matching. Set L = ££ \ Q and S" = V(H) \ % '. 
We distinguish three cases. 



14 



• There exists an L$ <-> Lq edge. 

Set SC' = Lo U N(Lo) \ Q and let A and B be vertices of any Lo <-> Lq edge. Then A and B lie in the same 
component C of H- Q. lfV(M Q )PiV(C) ^0, then take {x} = V(M )nV(C), and choose * arbitrarily in 
C, otherwise. Since C is factor critical, there exists a perfect matching Mi in C — x. It is straightforward 
to check that the matching M = Mo U Mi satisfies conditions of Case II. 

• L = 0. 

Set SC' = V(H) and M = Mo. Let A and B be end- vertices of an arbitrary «5f _£? edge. It is clear 
that V(M') \ = 0. Since £ 5 Jz?, |jgf| > AT/2 - crJV, and \V(M)\ = 2\Q\ it holds that all but at 
most 2oN vertices of H are covered by M, thus for any vertex x G we have that deg ffl (x, V(M)) > 
deg C0 (x)-2oNs. 

• Lo is an independent set and Lo 7^ 0. 

First we observe that each component C of H — Q is a singleton. Indeed, since ^ and Lo are independent 
all the edges in any matching in C are in the form 5? <-> Lo- Since C is factor critical, we have \V(C — 
u) nL | = \V(C -u)ny \ for any vertex u G V(C). Thus v(C) = 1. (Note that M is thus maximum.) 
Set M = M . 

Define L = {u£ N(L ) : deg 65 ^) > K}. Observe that LCQ.We shall prove that 

L/0 (6.1) 

by contradiction. Assume that for every vertex u G N(Lo) it holds deg £B (w) < We get \Lo\K < 
e ffl (Lo,N(Lo)) <£|N(Lo)| implying |L | < |N(L )|. From L = it follows that N(L ) DJSf = and thus 
every vertex in N(Lo) is matched by M to a distinct vertex in Lo, a contradiction. 

We show that the graph V(H) fulfills conditions of Case I. It suffices to find a vertex B G N(Lo) such 
that d€g w (B, V(M) U Jz?*) > (1 + a)K/2. The pair (A,B), where A G N(S) nL , satisfies conditions of 
Case I. 

Define X = V(H) \ (V(M) U JSf*). For contradiction, assume that for every B G L we have 

deg <B (S,V(M)U^f*) < (l + cr)*/2, (6.2) 

which yields 

deg m (B,X) > (1 - cr)^/2 . (6.3) 

This implies that M does not contain any edge with both end- vertices in Jzf . Indeed, suppose that such an 
edge xy G M exists. Thenx G Lo andy G L. By (16.31 ). deg tu (^,X) > (1 — o)K/2. In particular, there exists 
a vertex p G Nx(y). The matching Mi = {yp} UMo \ {xy} is a matching as in Gallai-Edmonds Matching 
Theorem (with separator Q) which covers more vertices of V(H) than Mo does. This contradicts 
the choice of M . Observe that for any vertex u G X, we have deg Cfl (w, V(M)) = deg £0 («) < (1 + o)K/2 
and thus deg CB (M,L) < (1 + o)K/2. We bound e a (L,X) from both sides. 

(l-a)|L||<e ffl (L,X)<(l + a)|X||, 

which yields 

,~, 1 + CT, , 

L < — — X . (6.4) 
1 — a 

We use (16.21 ) to obtain bounds on e m (Q,Lo). 

\Lo\K < e a {QM) = «"(£U (G\L),L ) 

<(l + CT)|(|I| + |(2\jSf|) 

<(1 + (T)||Z|+Z|fi\jgf|, 
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which gives 

2|Zo|<(l + <r)|£|+2|g\JSf|. (6.5) 

Every vertex in Q \ if is matched to a vertex in Lq, and conversary, if a vertex in Lq is matched, then it 
is matched to a vertex in Q\££ . Therefore, \Q\££ \ = \LqHV (M)\. Combined with (16.51) we have that 
2|Lo\V(M)| < (l + a)|L|. Plugging (EU we obtain 

2\L \V(M)\ < (l 1 +a)2 |X| . (6.6) 
1 — a 

From | if | > \V(H) \ if | - 2aN we get |L \ V(M)\ > \X\ - 2oN (Recall that any edge of M has one 
end- vertex in if and the other one in V(H) \ if). Together with (16.61 ) we obtain 

(1 + cr) 2 , , , , 
y \X\ >2\X -4oN, 

I- a 

yielding 

l-3a 

A contradiction with (16.3I ). (I6.ll ). and the bound on a. □ 



6.4 Embedding lemmas 

In this section, we introduce some tools for embedding a forest in one regular pair. Similar results are 
folklore, however we prove them tailored to our needs. Lemma 16.51 describes sufficient conditions for 
embedding a rooted tree in a regular pair. 

Lemma 6.5. Let (t,r) be a rooted tree, and d > 2e > 0. Let (X,Y) be an e-regular pair with \X\ = 
\Y\ = s and density d(X,Y) >d. Let P'CPCX and Q' Cgcy be such that min{|P|, \Q\} > A and 
max{ \P' | , | Q' | } > A, where A = -jr^r- Then there exists an embedding ^oft in PVJQ such that the root 
r is mapped to P' U Q'. The following two further requirements can be also fulfilled. 

1. If \P\P'\ > A, we can ensure that (^(V(t) \ {r}) DP ; = 0, and similarly, if \Q\Q'\ > A, we can 
ensure that <j)(V(t) \ {r}) n Q 1 = 0. 

2. If \P'\ > A we can can prescribe the vertex r to be mapped to P'. If \ Q'\ > A we can can prescribe 
the vertex r to be mapped to Q'. 

Proof. Without loss of generality assume that |P'| > A. Choose an auxiliary set Sp C P with \Sp\ = A 
subject to \SpC\P'\ being minimal. In particular, we have Sp C P\P', if |P\/ y | > A. Similarly, choose 
a set Sq C Q with \Sq\ = A with respect to \Sq Pi Q'\ being minimal. The sets Sp and Sq are significant. 
Choose a vertex v£/" which is typical w. r. t. Sq. There are at least |P'| — es > 1 such vertices. Set 
0(r) =v. 

We inductively extend the embedding , so that every vertex of t which was mapped to P is typical 
w. r. t. Sq, and that every vertex which was mapped to Q is typical w. r. t. Sp. We illustrate the inductive 
step by describing how to embed the neighborhood of a vertex u which was already embedded in P. The 
case when (j)(u) G Q is analogous. Let Af C N(«) be the yet unembedded neighbors of u. The vertex 
0(w) has at least {d — 2e)A > es + v(t) neighbors in Sq. At least \N\ of them are typical w. r. t. Sp and 
not yet used by 0. We then map N to these vertices. 

Clearly, Part [Q was satisfied. In addition, Part |2] can also be fulfilled. Indeed, we only need to 
observe that if |P'| > A, there is at least one vertex in P' which is typical w. r. t. Sq. This vertex will be 
used for embedding the root r. The second condition of Part[2]is analogous. □ 
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For the proof of Proposition 14 .4 1 (which is the key tool for proving Theorem 1 1.41) . we need to embed 
the shrublets of the tree T in an efficient way. To this end, we try to fill the clusters of the regular pair 
with the same speed. The following definition of /-packness formalizes this. 

Let i G {1,2} and X,Y,Z C V(G) be three disjoint subsets. We say that U C X U Y is i-packed (with 
parameters A, t) with respect to the head set Z and with respect to the embedding sets X and Y, if 

min{\Xr\U\,\Yr\U\}>mm{iii,v}-X, 

or 

|prn£/|-|yni/|| <x, 

where 

/i = min{deg(Z,X),deg(Z,y)}, and v = max{deg(Z,X),deg(Z, Y)}. 

If U represents the vertices used by an embedding, then to keep U 1 -packed means that we have 
roughly the same amount of used vertices on both sides of X and Y until we have embedded roughly 2\i 
vertices. If we manage to keep U 2-packed, we have this "balance" for even longer. 

The following embedding lemma allows us to "fill-up" a regular pair with a rooted forest. The lemma 
is divided into three parts to satisfy different embedding requirements of the proof of Proposition 14.41 
The most important one is the "saving" Part 3. Having a cluster Z and a regular pair (X,Y), Part 1 
ensures the embedding of a rooted forest (F,R) mapping RtoZ and F — R to X U Y, provided that the 
order of F is slightly less than deg(Z,X UY). Part 3 allows us to embed even a larger forest F, under 
certain additional conditions. 

Lemma 6.6. Let (F,R) be a rooted tree with root R such that each component ofF — R has order at most 
X. Let X,Y,Z be three disjoint vertex sets, with \X\ = \Y\ = s, forming three e-regular pairs. Assume 
that C ^P- >d>2e and d(Z,X),d(Z,Y) G {0} U [d, 1]. Set A = f^±|. LetUQXDY. In the following 
we write Fi and F2for the vertices ofF — R with odd and even distance from R, respectively. 

1. Ifv(F) + \U\ <deg(Z,XUY)-Ai-A-2es, where Ai = A + x + 3es, U is 1 -packed w. r. t. Z (with 
parameters Ai and X), and R is mapped to a vertex r G Z that is typical w.r.t.X and w. r. t. Y, then 
the mapping ofR can be extended to an embedding (p ofF such that 

(cl) <p(V(F-R))C(XUY)\U, 

(c2) each vertex ofF\ is mapped to a vertex which has at least (d — 2e)\Z\ neighbors in Z, and 

(c3) the set U U (p(V(F — R)) is l-packed (with parameters X\ and x) w.r.t. the head set Z and 
the embedding sets X and Y. 

2. If max{|Fi|, IF2I} + \X n U\ < deg(Z,X) — Ai — A — es, U is l-packed (with parameters Ai = 
A + T + 3ss and X) w.r.t. the head set Z and the embedding sets X and Y, and R is mapped to 
a vertex r G Z that is typical w.r.t.X and w. r. t. Y, then the mapping ofR can be extended to an 
embedding (pofF such that (cl), (c2), and (c3) hold. 

3. Ifdeg(Z,X) G [r]s, (1 — T\)s], where 7]s > I2A2, and A2 = 3A + 7£5' + 4t, U is 2-packed w.r.t. Z 
(with parameter A2 and x), each component ofF — R has at least two vertices, R is mapped to a 
vertex r G Z that is typical w. r. t. X\U and w.r.t.Y\U, and 

v(F) + |t/|<deg(Z,XUY) + -^ , (6.7) 

then the mapping ofR can be extended to an embedding <p ofF such that (cl ), (c2), and 
(d) U U <p(y{F — R)) is 2-packed w.r.t.Z (with parameters A2 and x) 
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hold. 



Proof. Set jU = min{deg(Z,X),deg(Z,F)} and v = max{deg(Z,X),de~g(Z,F)}. We split the embedding 
of the forest F — R into t steps, where t is the number of components of F — R. In each step i, we embed 
a component t\ of F — R in (X UF) \ (U U £/,-), where Uj = <p(\Jj<iV(tj)) is the image of trees embedded 
in previous steps. The component tj is a tree, we write r,- for its root, {r,} = V{ti) nN(S). Moreover, we 
assume that the trees ^ are ordered so that h, . . . are trees of order at most two, t^+\ , . . . , ty 2 are stars 
of order at least three with their centers in the roots of the components and t£ 2 +\,...,t£ are trees which 
are not stars centered in the roots r, . This ordering is unnecessarily in the proof of Parts [H El we only 
use it in the embedding described in Part [3] Observe that the assumptions of Part [3] assert that all tree 
i G [£]_] have order exactly two. For step i, set P t = X \ (U U U t U B), and Qi = Y\(UU Ui U B), where B 
is the set of vertices inXUF which are not typical w. r. t. the set Z. We have max{|X DB\, \ Y PiB\} < es. 
Define P/ = P; n N(r) and Q\ = Q t n N(r). 

PartHJ In each step i, the embedding will satisfy conditions (cl),-, (c2)/, and (c3)/. These conditions 
are modified versions of (cl), (c2), and (c3), where we consider U U f/; instead of f/ and <p(f;) instead of 
<p(V(F — /?)). Conditions (cl)o, (c2)o, and (c3)o are clearly met. We shall verify (cl);, (c2),, and (c3), 
inductively at the end of each step i. First we claim that max{|^'|, \Q'[\} > A. This is implied by the 
following chain of inequalities. 

\P! U QW = deg(r,P,- U Q t ) > deg(Z,X UY)-\UUUi\- \B\ -4ss > Ai +A- 3ss > 2A . (6.8) 

Second, we claim that min{|^|, \Qj\} > A. If this is not the case, 

max{|Xn (UUUi)\,\Yn(UU Ui)\} >s- A -ss> v-A-es. 

Now as U U Ui is 1 -packed, 

min{ |X n (f/ U Ui) \,\Yn(UU Ui) | >H-Xi, 

or 

min{ |X n ([/ U t/ ; ) | , |7 n (C/ U Ui) I > v-A-ej-T. 

In both cases, we obtain that \ U Uf/;| > deg(Z,XUF) — X\ — A — es, a contradiction. Thus by Lemma lo31 
we can embed the tree If min{|i^|, > A, we embed f,- in P, U Q, using Lemma [631 Part|2j so that 

||Xn(C/UC/; + i)| - \Yn(UUU i+ i)\\ < max{||Xn(C/UC/,-)| - \Yn(UUUi)\\,x}. (6.9) 

Inequality ( 16.91 ) ensures that Property (c3), holds. There is nothing to prove if 

min{|X n (UUU i+ i)\,\Yn(UUU t+1 )\} > min{deg(Z,X),deg(Z,F)} - X\ . (6.10) 

So, suppose that (16.101 ) does not hold. We show that min{|P/|, |<2j|} > A. Then by (I6T91) and by the fact 
that U U Ui is 1 -packed, we obtain that | |X n (U U U i+ \ ) \ - \ Y n (U U U i+ \ ) \ \ < T. Assume for contradiction 
and without loss of generality that < A. Then 

|X n (U U Ui) | > deg(r,X) - A - |S nX | > ju - X\ + T. 

As f/U C/j is 1-packed, we obtain (16.10b . a contradiction to our assumption. Properties (cl); and (c2), 
follow from the fact that F, is disjoint from U U Uj and B. 

Part |2j The proof goes in a similar spirit as in PartQ] We embed sequentially the components ti of 
F — R using Lemma [631 In each step, vertices of V (ti) D F\ are mapped to N(A) n (X U Y) \ (U U Ui) so 
that U U f/; remains 1 -balanced. 

Part|3j In each step i of the embedding we require the following four invariants to hold. 
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(PI) U U f/;_|_i is 2-packed (with parameters A 2 and t). 

(P2) If \Pi\Pj\ > A, then the tree U is embedded so that <p(V(/;) \ {r,}) nN(r) nX = 0. Similarly, if 
\Qi \ Q\\ > A, then (p(V{u) \ {n}) n N(r) n 7 = 0. 

(P3) Ifmin{|^|,|^|}>A,then||(C/Uf/ m )nX|-|(f/UC/; +1 )nF|| < max{T, ||([/U^-) nX| - U 

tf 4 )ny||}. 

(P4) If min{ \(U UU i+l )DX\,\(U UU i+l )DY\} < mm{2}X , v} - A 2 , then min{ 1 , | Q' i+l \ } > A. 

Properties (PI), (P2), (P3), and (P4) are clearly met at step i = 0. Assume that (PI), (P2), (P3), and 
(P4) hold in the step i — 1 . We first prove the following auxiliary claims 

(a) max{|P/|,|e;.|}>A,and 

(j3) min{|i>-|,|&|}>A 

We prove (a) by contradiction. Suppose that max{|^'|, |<2-|} < A. We claim that 

min{ |X \ (U U U t U N(r)) | , \Y \ (U U U, U N(r)) | } > A + es . (6.11) 

Suppose that (16.11b does not hold. Assume without loss of generality that \X\(U U£/;UN(r))| < A + es. 
Recall that \P- \ < A. Thus we have |X n (U U £/;) | > s- 2A- 2£s. The fact that £/ U £/j is 2-packed implies 
that \UUUi\ > 5' + min{2/i,v}- A 2 -2A-2£5' > de~g(Z,XUF) + ^, a contradiction. Inequality (16.111) 
implies by (P2) that only the roots of the trees tj (j < i) were embedded in N(r) and thus \Uj PlN(r)| < 
\Ui\/2 < v(F) /2 (recall that v(tj) > 2 for all ; < i). We have thus 

+ iQ'il > d(Z,X)\X\U\+d(Z,Y)\Y\U\ - |^HN(r)| - 6es 

v(F) 

>deg(Z,XUY)--j±-d(Z,X)\XnU\-d(Z,Y)\YnU\-6es 

16.71 c T) c 

> (d(Z,X) + d(Z,F))- + (1/2 - d(Z,X))|X DU\ + (1/2 - d(Z,Y))\Y ClU\ - -L . (6.12) 

We write RHS to denote the right-hand side of (16- 12b - We bound RHS in two cases separately, based on 
the value of d(Z,7). 

• d(Z,Y) > 1/2. 

RHS> (d(Z,X)+d(Z,F))V2+(l/2-d(Z,X))|Xn£/| + (l/2-d(Z,F)>-^ 

6 

= (d(Z,X) - d(Z, Y))s/2 + (1/2 - d(Z,X))|X nU\+s/2-^- 

6 

= ^d(z,x)\x\u\ + -d(z,x))|xnt/| + (i-d(z,y)>/2- ^ 
- 12 ' 

a contradiction. 



d(Z,y)<l/2. 



RHS> d(Z,X>/2 + (l/2-d(Z,X))|Xnt/| 

6 

= i(i- d (z,x))|xnf/| + id(z,x)|x\f/|-^ 
- 12 ' 



a contradiction. 
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We now turn to proving (/$). If (J3) does not hold, then max{|X n (U U E//)|,|Y n (t/ U t/,-)|} > 
s-A-es. As£/U£/,-is 2-packed min{|X n (f/Uf/,-)|, |F n (£/U £/;)(} > jr-A-es-T, or min{|Xn (t/U 
Uj)\, \Y n (Z7 U Z7j) I } > min{2jU, v} - A 2 . In both cases, we obtain 

\UUUi\ >5 + min{2jU,v}-A-£5-A2 

>deg(Z,XUY) + r\s-A-es-fa, 

a contradiction with the bound (16.7b . as T]5 — A — £5 — X 2 > ^p. 

Having proved that (a) and (/3) hold, we may use Lemma [631 in order to embed t\ in P, U 2/- If 
min{ \(UUUi)nX\,\(UUUi)r)Y\} > min{2jU , v} - X 2 we use only Part 1 . If min{ | (U U V t ) f]X \ , \ (U U 
£/,) n y |} < min{2/i, v} — A2, we use Parts 1 and 2. Property (P4) for i — 1 implies that we have the 
choice or mapping r, to Pj or to Q[. We choose the side so that \\(U UU i+ i) C\X\ - \(U UU i+l )CiY\\ < 
max{r, \\(U U f/,-) nX| — |(f/ U Ui) ny||}, and if v(f,) = 2, we map r,- to the opposite cluster to the one 
where lies <p(r,_i). 

The embedding of t\ clearly satisfies (PI), (P2) and (P3). To prove that the embedding of ?, satisfies 
also (P4), we need the following auxiliary claim. 

Claim. If mm{\(UUUi)nX\,\(UUUi)nY\} <min{2n,v}- X 2 , then |<p({n, . . . ,#-,•}) < \U i+l n 
X\/2 + T+land\(p({r u ..., ri })nY\ < \U i+l nY\/2 + x+L 

The proof of the claim is postponed to the end of the inductive step. 

We prove Property (P4) by contradiction, so assume that min{ | (U U t/j_i) D X \ , \ (U U £/,-_i) fl Y \ } < 
min{2jU, v} — A2 and that \Pj +l \ < A (the case when |<2- +1 1 < A is proved analogously). We claim that 

\Pi + l\Pi +l \ > 2A + ^-min{2 i u,v} + 6£5 + 3T > 2A. (6.13) 

Indeed, otherwise \X n (U U U i+ \) \ > s— \P i+l \P( +1 \—A — es> min{2jU , v} - A 2 + T. Property (PI) im- 
plies that min{|([/ U[/ (+ i)nX|, \(U Ut/; + i) ny|} > min{2jU, v} — X%, a contradiction with our assump- 
tion. This settles (16.131) . The property (P2), together with Inequality (16.131 ) and Part 1 of Lemma 1631 
implies that only the roots of the trees tj, j < i were mapped to XflN(r), i.e., Ui + \ nXflN(r) = 
(p(N(R)) nX. By the auxiliary claim, we obtain 

\u i+1 nxnN(r)\ = \(p({r h ...,n})nx\ < \u i+1 nx\/2+x+i. (6.14) 

On the other hand, using (16.131) . we obtain 

|£/ m nx|<|x\£/|-|^+i\^ml 

< min{2/x,v}- \XC\U\ -2A-6ss-3t 

<2&(Z,X)\X\U\ -2A-6£s-3t. 

Together with the assumption \P' i+l \ < A, this yields the following inequality. 

\U i+ i nXHN(r)| > |N(r)n(X\f/)|-A-ej 
>d(Z,X)\X\U\ -A-3es 
> \U i+l nX\/2 + r+l, 

a contradiction to (16.141) . Let us now prove the auxiliary claim. 

Proof of the auxiliary claim. We alternated the embedding of the roots rj, j < min{/,^i} between X and 
y. This ensures that for j < min{/,£i} we have 

I (p ({n , . . . , rj }) n X I < I U min{iA }+1 nX|/2+l and 

\( P ({r 1 ,...,r j })nY\<\U min{Ul}+l nY\/2 + l, (6.15) 
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proving the claim for i < t\. Thus we assume that i> t\. Denote by r, the roots of the trees tj for 
j 6 \i\ + 1, . . . ,min{/,^ 2 }}. Then set X x = Xn <p(r f ), X 2 = XD <p(N r (r,-) DV(T(i T,-))), and similarly 
Y x = y n (p(Ti) and Y 2 = Y n <p(N r (r,) n r,-))). Thus the sets Xi,X 2 ,Yi,F 2 form a partition of 

the set U m [ n {i£ 2 } +1 \ U( l+ \. As all trees under consideration have order at least 3, observe that 2|Xi| < 
|Y 2 | and 2|7i| < |X 2 |. As U and U m [ n ^ t e 2 }+i we 2-packed and \U(, r flX| = \U( l P\Y\, we know that 
UX 2 | - |FiUF 2 || <2t. Then 

|x 1 | + |x 2 |+2T>|y 1 | + |y 2 | > |f 2 |>2|z 1 |. 

This implies that |Z 2 | +2t > |Xi|. The same holds for Y\ and Y 2 . Together with (I6.15I ). this leads to the 
desired inequalities, if i < £ 2 . To see that the claim also holds for i > £ 2 , it is enough to realize that for 
j > £ 2 , when embedding the root rj of the tree tj in a set C E {X,Y}, at least one vertex of tj — rj is also 
mapped to C. □ 

It remains to check whether the embedding <p of F — R satisfies (cl), (c2), and (d). Each component 
was mapped to P,- U Qj, which is disjoint with the set U and contains only vertices typical w. r. t. Z. This 
ensures Properties (cl) and (c2). Property (d) follows from the way we utilized property (P4) during 
embedding via Lemma [631 Part 2. 

□ 



7 Proof of Proposition [474 



Proof. Set rj so that a ^ rj <C co, and j8 , 7, a so that 



< j3 < 7< a < a. 

Let «o (the minimal order of the graph) and ITi (the upper bound for the number of clusters) be 
the numbers given by the Regularity Lemma I6T21 for input parameters j3 (for precision), ITo = 2/j8 (for 
minimum number of clusters) and 4 (for the number of pre-partition classes). 

Let G be a graph of order n > no and the set V C V satisfying the assumptions of Proposition 14.41 
Prepartition the vertex-set V into V HL, V PiS,L\ V, and S\V. By the Regularity Lemma l6T2l there 
exists a partition V = Co U C\ U • • • U Cn satisfying the following. 

• n <N<rii, 

• |C;| = \Cj\ = s, for any i,j G [N], 

• |C | <J3«, 

• all but at most f5N 2 pairs (C;,C y ) are j3-regulai", 

• if C, n L / 0, then Q C L, for any / G [N], and 

• if Q n V ^ 0, then QQV, for any / G [N] . 

Let G 7 denote the subgraph of G obtained from G by deleting the edges incident to Co, contained in 
some C lying between V \V and V, or between pairs that are irregular or of density smaller than y 2 /2. 
Let (G, deg G (•,•)) denote the weighted cluster graph induced by G y , i. e., G has order N, with vertex-set 
V(G) = {Ci I ..,C N } and edge-set 

£"(G) = {CD : (C,D) is an /3-regular pair with density at least j/2} , 
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with the weight function deg : E(G) — ► R, defined by deg (CD) = deg Gy (C,D). Denote by Jzf the set of 
clusters contained in L n V which have large average degree in V, 

J£ = {C£V(G) : CCinV, &6g Gy {C,V) > k- yn} . 

We write N to denote the number of clusters in V. Observe that |«Sf| > (1 — a)N/2 — yN> N/2 — oN. 
Most of the clusters V(G) formed by vertices of LHV are in Jzf. From Assumption 14.61 there are at most 

2yN (7.1) 

clusters C G V(G) \ jSf with CCV such that deg G (C, V(G) \jgf) > y«. Let H be the subgraph of G 
induced by clusters contained in V such that all edges induced by the set {C G G : C C V \ UoeJzf D} 
are removed. The weights of the edges in H are inherited from G. 

7.1 Matching structure in the cluster graph 

If G satisfies the Special Case with parameter cs (considering the set V), then ^k+\ Q G by Proposi- 
tion|42] In the rest of the proof, we thus assume that e(G[VDL\) > c$n 2 , and thus e(G 7 [VC]L\) > ^-n 2 , 
implying that ££ induces at least one edge in G. This edge is an edge in H also. The weighted graph 
(H,deg G5/ ) satisfies all the conditions of Proposition 16.41 (with parameters a and K = k — yn). This en- 
sures that one of the two specific matching structures in H exists. Together with (I7.ll ). this yields the 
existence of one of the following two configurations in the cluster graph G. 

Case I: There are two adjacent clusters A,B and a matching M in G such that 
. deg Gr (A,V(M))>k-yn, 

• each edge e G M intersects the neighbourhood of A in at most one cluster, and 

. deg Gy (fi, V(M) U Jn > (1 + a/2% where Sff* = {C G V(G) : deg Gy (C) > (1 + cr/2)§}. 

Case II: There exist a set of clusters SC' C V(G), two adjacent clusters A,B, and a matching M in G 
such that 

• A,B G jr'nj^, 

• \V(M') \ X'\ < 1, where At' = {CD G M : C,D G N(&')}, 

• all but at most 3yN clusters C G X' satisfy deg G (C,V(M)) > deg G (C) - 3an, 

• and each edge e G M intersects Jzf . 

In the rest of the paper the average degree deg will always be associated with the underlying graph Gy, 
i.e., deg is an abbraviation for deg Gy . 

Let M C M be the maximal submatching of M not covering A nor B. Let T G ^k+\ be any tree with 
k edges. Trivially, \M\ > \M\ — 2. Choose a root R G V(T) and cut the tree T as in Section [6721 in order 
to obtain a switched T-frne partition (Wa,Wb,3>a,@b), with X = f5k/Tl\. 
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7.2 Case I 



Denote by 2Fp the components of &>a consisting of interior subtrees and by 3?a the ones consisting of 
end subtrees of Denote by Tp the forest induced by the components in £7p, by Ta the forest induced 
by the components in 57a and by T B the forest induced by the components in < 2l B . Recall that Ql B consists 
only of end subtrees. If $)a U $) B is cij-unbalanced, then T C G, as shown by Proposition 14.31 Thus we 
may assume that 37~p U 3?a U $) B is cy-balanced. 

We partition each cluster C G V(M) UJzf* so that the partition defines two disjoint sets M F and M B 
of vertices of G, such that M F ,M B C |J{C G V(M)}. The embedding 9 : V(T) V of the tree T is 
defined in three phases. In the first phase, we embed the subtree T' = T [Wa U W b U V {Tp U 7^)], where 
Tjf C will be defined later. The forest 7}? is embedded in M F and the forest Tg 1 in M B . In the second 
phase, we embed T£ = T B -V(T^) in \J{C G (_Sf* \V(M))U N(jSf*)}. In the last phase we embed T A 
in |J{C G V (M)}. Thus we complete the embedding of T. 

The difference between the presented proof of Theorem ll.4l and its approximate version Theorem ll.3l 
is that in the proof of Theorem 11.41 we have to fight to gain back small loses caused by the use of the 
Regularity Lemma. However, this is not necessary when we have the matching structure of Case I. Then, 
we are able to reduce the situation to the "approximate version", i.e., to the setting of similar nature as 
in Theorem 1 1.3 1 

We partition each cluster C G V(M) U Jzf* into C F and C B in an arbitrary way so that \C F \ = (1 — y)|C| 
and \C B \ =y\C\, where 

vfflUT-,) 1 2vW 1 

y k l + cr/4 ~ k l + cr/4 

Set 

M B = [J C B , M F = {J C F ,and J? B = [j C B . 

CeV(M) ceV{M) CeJ?*\v(M) 

Observe fhaty G (a, 1 - a). Thus, for each C G V(M) UJzf*, the sets C B and C F are significant. Observe 
also that the pairs (C F ,D F ) and (C B ,D B ) are /3/a-regular for every C,D G V(M) UJSf*. Now, 

k 

deg(B,M B Uif B ) > y(l + a/2)- - j3« - As 

EUl + a/2 . . jfc _ 

* TT^74 v(rB) + o: 2-^- 45 

>v(r B ) + a^. (7.3) 
A similar calculation shows that for any cluster D G ££* , we have 

k 



deg{D,V\(M F UAUB))>v{T B ) + a'-. (7.4) 



For cluster A, we obtain 

deg(A,M F ) >(l-y)(k-yn)-pn-4s 



G2) 

> k-v(T A UT B )/(l + o/4)-ak-yn-fin-4s 

> v(T F ) + v(T A UT B )o/S-2an 

> max{|V(7» nr |, \V(T F ) nr e |}+ crc^t/ 32 - 2an, (7.5) 
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where the last inequality follows from the fact that is cu/2-balanced, or 2?a U £l B is. Let ,S/~ B M C Qs B 
be a maximal subset of S> B such that 

£ v(0<deg(B,M B )-^. (7.6) 

Let be the forest formed by the trees of 3~ B M ', let 3~ B L = 3> B \ S? B and T% be the forest formed by the 
trees in ST B L . Recall that T' = T[W A U W B U V(7» U V{T^)]. 

Phase 1. In this phase, we embed the subtree T'. The embedding of T is devided into w = \Wa U W b \ 
steps. We label the vertices of Wa U Wb as xi, . . . ,x w , indexing from the root R downwards, i.e., in such 
way that j\ < 72 whenever xj 1 ^« xj 2 . In step i > 1, we shall take the vertex Xj and define the embedding 
for Xi and the shrublets hanging from x/, i. e., we embed the tree 7], 

?;- = r[{^}u |J 7(p t )], 

ie[c] 

where P\,... ,P Ci denotes the components P of Tp U 7^ such that Ch(^,) fl V(P) / 0. The tree 7} is a 
union of trees t\ = T[{x,} UV(P,)] (l £ [c,-]). Set V; = Uy<iV(2)) and £/; = qo(Vf)- 

If / > 1, let = Par(x,). During the embedding process we will keep the following three invariants 
in every step i. 

(11) The Uj H (C F UD F ) is 1 -packed with parameters 

Qs' I (X + T 

X F = 2 hT + 3/jy/a and t , where 5' = (1 , 

with respect to the embedding sets C F and D F and the head set A for each edge CD £ M, 

(12) The f/,-n (C B UD B ) is 1-packed with parameters 

fis" /« + t 

A B = 2 — h t + 3f5s"/a and T , where / = ys , 

with respect to the embedding sets C B and D B and the head set B for each edge CD £ M, and 

(13) if / > 1, then the vertex was already embedded in some previous step so that |N(<p(/?,-)) nA| > 
7 2 V4 (if x/ £ W A ), or |N(<p(p;)) r\B\ > fsj\ (if jc,- £ W B ). 

Say that a vertex is A-typical, if it is typical w. r. t. all but at most y/pN sets C F , C £ V (M), w. r. t. 
all but at most \ffSN clusters C £ V(M), and w. r. t. the cluster B. All but at most 3a/j8|A| vertices of 
cluster A are A-typical. Say that a vertex is B-typical, if is is typical w. r. t. all but at most a/j8)V sets 
C B , C £ V(M), w.r. t. J^ B , and w.r.t. the cluster A. All but at most 1^J~$\B\ vertices of cluster B are 
B-typical. The embedding <p will be defined in such a way that <p(W0 C A and (p(W B ) C 5. From the 
property of the switched T-fine partition (Wa, W b , £?a, we have max{ | W A \, \ W B \ } < \2k/x < fs/4. 
Thus if the predecessor of a vertex x; £ Wa has at least y 2 s/4 neighbours in A, then we have have enough 
candidates to choose an unused A-typical vertex from as <p(x;). 

To define the embedding of the tree 7]- we first choose (p(xj). If i = 1 then x; = R, and we map x; 
to an arbitrary A-typical vertex in A (if R £ Wa), or on an arbitrary B-typical vertex in B (if R £ Wg). 
If / > 1 choose for <p(x ( ) any A-typical vertex in A nN(<p(p,-)) (if x,- £ Wa), or any B-typical vertex in 
BnN(<p(>;)) (if Xi £ W B ). This is possible by (13). 
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Assume that x t G W A . Then V(7}) C V(T F ). Set % = {Ce V(M) nN(A) : <p(^) is typical w. r. t. C F }. 
We deduce that 

£ deg(A,C F )-|£/,-nM F | >deg{A,M F )-^n-\Vi^V{T F )\ 

> max{|v(r F )nv(r )|,|v(7>)nv(r e )|}-|v;-nv(7>)| + -^J -k-ian-^fpn 

> max{\v(Ti)nv(T )\,\v(Ti)nv(T e )\} + ak. (7.7) 

We consider an auxiliary mapping £ : [c;] — > M which has the property that for any XY £ M, X *E% it 
holds 

£ v(P t ) +\Uin(X F UY F )\ <deg(A,X F UY F )-X F . (7.8) 

t€C- 1 (xy) 

From (17.71) such mapping £ exists. 

We embed the trees tj, I = 1, . . . ,c; using Lemma [6761 Part 2. The setting for applying Lemma l676l is 
the following. The root of tj is the vertex Xj. The head set is the cluster A and the embedding sets are the 
setsX F ,Y F , where XY = The set of "forbidden vertices" is f/ M = (I/,- U U f<[ <p(*f) H (X F U 
The set is 1-packed with parameters X and T, by induction. Now, Lemma [6761 Part 2 allows us to 
embed the tree tj so that 

• <p(tj)C(X F UY F )\Uu, 

• each vertex in V(tj) with odd distance from x\ has at least y s/A neighbors in A, 

• the set (Ui U \J e<l <p(ff )) n (X F U r" F ) is 1-packed with parameters X and T. 

Observe that the last property is sufficient for our inductive assumption on the sets U^i, and also to prove 
invariant (II). The second property ensures invariant (13) to hold. Property (12) is preserved. 

In the case that Xf G Wb, setM; = {C B D B : CD£M, (pfa) is typical w. r. t. both C B and D B }. Similar 
calculations as above give 

£ deg(B, (C B \JD B ) \ Ui) > v{Ti) + ak/16. 

C B D B eMj 

We embed the trees tj, l = 1, . . . ,c, using Lemma [676] Part 1 in the sets C B U D B (CD G Mi) so that 
invariants (II), (II), and (13) hold. 

Phase 2. In this phase, we embed the yet unembedded shrublets adjacent to Wg (i. e. 7g )■ We label the 
shrublets of 3T B L as t\, . . . -,t\3rL\- m step i > 1, we define the embedding for shrublet ti in a suitable edge 

CD G E(G). Set Ui = (p(V(T F U Tjf) U Uy<; V (*/))■ Let *i G W B be the P^ent of the root of th e shrublet 
The vertex <p(jCj) is typical w. r. t. ^£ B and hence by (17.31 ) and (I7.6I ). 

deg(<p(*,-),^ B ) > deg(B,if B ) -2/3n 

= deg(S,M B U - deg(B,M B ) - 2/3 « 

> v(T B ) + «V 4 - - ak/% - 2j3n 

> v(T B L ) + ak/16 . 

Thus there is a cluster D G Jzf* \ V(M) containing a large unused neighbourhood of (p(xj). That is 

|N(^,))n D \ t /,|>^>-^. 
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From (17.41) we obtain that 

deg(D, V \ Ui) > deg(D, V \ (M F UAUB)) - \(p(V(T B )) n U,-\ > v(f/) + ak/4 . 

Thus there is a cluster C G N(D) with |C\E7/| > ^-20 • Use Lemma E2]to embed t t in (CUD) \ U so 
that the root r,- of the shrublet f,- is mapped to N(<p(x,-)) nD \ Up 

Phase 3. In this phase, we finish the embedding of the tree by embedding the end shrublets adjacent 
to Wa (i. e. Ta). We label the shrublets of ^ as t\ , . . . , fi^i . 

First assume that Sp U ^ B is cu/2-balanced. The embedding will be defined for steps i G [| In 
step i for a cluster X G V(M) denote by Xj/, the set of vertices in X used by the embedding of Tp U Tg 
and of Uy<i*> We find a suitable edge CD G M in which we embed the tree Let x\ G Wa be the parent 
of the root of f,. By Lemma [631 the shrublet ti can be embedded in unused vertices of an edge CD G M, 
C G N(A) in such a way that the root of ?; is mapped to a neighbor of <p(x ; ), whenever CD satisfies 

= min{|N(<p(xO) n C\ C Ut \, \D \D Vi \} > v(f,) + as . (7.9) 

Thus we are able to finish the embedding of T if we can find an every step i an edge CD G M satis- 
fying (I7.9I ). Suppose that at some step i > 1 there are no edges in M with this property. Denote by 
Mi C M the submatching of M induced by the clusters {X G V(M) : <p(x,) is typical w.r. t. X}. Then 
Y' CD < v(tj) + as for any CD G M,-. The non-existence of a suitable matching edge implies that 

12 Y'cd< ( r + as ) < -N(x+as) < an . 

CDeM CDeM 

On the other hand, 

I 4> I (|N(<p(xO)nC|-max{|Ci 7i |,|D I7i |}) 

CDeM CDeMi 
CeN(A) CeN(A) 

>k-yn-y^n- (v(7> U T B ) - elk/ A) - v{T A ) 
>an , 

a contradiction. 

If E?p U is cu/2-unbalanced, then ^ is cu/2-balanced implying that max{|V(?A n T e )\, \ V(Ta n 
T )\} < v(T A ) - (c v /2) 2 k. Similarly as above, we find a suitable edge CD G M, C G N(A) with 

V CD = min{|N(<p(x,)) n C \ Q/, | , |D \ D ff( | } > max{|Vft) n r o | , |V(/ f ) n T e | } + as . 

The calculations that such an edge exists are left to the reader. We use Proposition 16.51 to embed f; in 
(C \ C v , ) U (D \ D Vi ) with the root of t t mapped to C n N(<p (jci ) ) . 

7.3 Case II 

This case follows the lines of part of the proof from ll22l . For completeness, and to adjust the setting, 
we prove this part in all detail. 

Denote by Ta the forest induced by the components in S>a and by T B the forest induced by the 
components in Q) B . Observe that v(T B ) < v(Ta). If ^aU @b is Qj -unbalanced, then T C G, as shown 
by Proposition 14.31 Thus we may assume that @a U S^b is cy-balanced. In the first part of this section, 
after auxiliary Lemmas [7.11 and 17721 we show in Lemma 1731 that T C G or the clusters A and B are very 
densely connected to their respective neighbourhood. In the second part, we prove in Lemma 17771 that if 
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V', the neighbourhood of the cluster A, is well connected to V \ V, then T C G. If V" is poorly connected 
to V \V, then we show that V' satisfies the properties required by the statements of Proposition 14.41 

Let M be the maximum submatching of M not containing the clusters A and B. With a slight abuse 
of notation, we can write M = M\{e A ,e B }, where e A and e B are the matching edges containing A, and 
B respectively (the edges e A , e B may be not defined, though). Observe that 

min{deg(A,V(M)),deg(fl,V(M))} >k-4on . (7.10) 

PART I: Defining V. 

Lemma 7.1. Suppose that v(T B ) > tfak. Then Y*eeM |deg(A,e) — deg(B,e)| < 9\fdk, orT C G. 

Proof. Assume that v(T B ) > y/ak and £ eeM |deg(A,e) — deg(S,e)| > 9^/ok. Then £ eQ g |deg(A,e) — 
deg(B,e)| > S$ok. We show that then ICG. Set M 1 = {c £ M : deg(A,e) > d€g(B,e)} and M 2 = 
M\M l . Without loss of generality, we may assume that 

deg(A,V(M 1 ))-deg(B,V(M 1 )) >4^/ok. (7.11) 

Label the edges of M as {e\ , . . . , etgi } so that for any i < j, it holds that 

deg e ,(A) > deg g .(A) 
de-g ei (B)-de-g e .(B) ' 

with the convention that £ = +oo, for any x > 0. As v(7g) > v^a^, there exists an index ^ such that 

„ mot 

v(r A ) + a*<£deg e .(A)<v(7A) + a* + 2* < deg(A,V(M)) . (7.12) 

i<£ 

Set M A = {ei,...,ee} and M B = M\M A .We claim that 

deg(5,V(M 5 ))>v(r B ) + a*. (7.13) 
We prove (17.13b by case analysis. If deg(B,V(M A )) < k/4, then 

deg(S, V(M B )) deg(fi, V(M)) - deg(S, V{M A )) 

> k-Aon-k/A > k/2 + ak 

> v{T B ) + a£ . 

If deg(A,V(M A )) -deg(fl,V(M A )) > ^ then 

deg(fi,V(M B )) deg(fl,V(M)) -deg(fl,V(M A )) 

mot 

> k-4on-deg(A,V{M A )) + ^/ok/4 

> k-v{T A )+y/ok/4-4cn - ak-4s 

> v(T B ) + ak . 

Hence, we may assume in the rest of the proof of (17- 13b . that 

d€g(B,V(M A )) > k/4 , and (7.14) 
deg(A,y(M A )) -deg(fi,V(M A )) < ^ . (7.15) 
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First, we consider the case when eg G M 2 . We deduce from (17.111) and (17.151) that 

deg(fl, V{M A \M 1 )) -deg(A, V(M A \M 1 )) > (4^a-^/4)k > l^faqn . 

Hence there is at least one matching edge e a G M A \M l for which 

deg(B,e a ) -deg(A,e a ) > 2$oqn/\M A \M l \ > A^fcqn/N . 

Therefore, for the number p/ = d€g(B,e( )/d€g(A,ee) it holds, 

deg(g,g a ) 4^g g n 4/ - 

Pf>T^-7-^ r>-rr r + l>2v / ^+l, (7.16) 

deg(A,e fl ) 2sN 

and thus 

deg(fi,V(M B )) = I deg(-B,e) + LeeM fi ,deg(A,e)^0 de|(f'e) de g(^> e ) 

> prdeg(A,l/(M B )) 

p« • (deg (A,V(M)) — deg (A , V (M A ) ) ) 

> pr(v(7i)-5crn) 
ED 

> 2^0q{^ok-5on)+v{T B ) -5an 

> v{T B ) + ak . 

Now, assume that ei G M . From 

deg(A,y(M A )) El 
deg(fi,V(M A )) ^ 4-deg(B,y(M A )) + - V + ■ 

we deduce that there exists an edge e/, G M A such that deg(A,e&) < (y / o r + 1) -deg(B,e/,). For any j > I 
it holds 

deg(S,ey) deg(fi,e fo ) 

Ifdeg(5,V(M)) <3/k, then 

4^5* 1° £ eeM i(de-g(A, e )-deg(B, e ))) 

= Ei<^(deg(A,e i -)-deg(S,e ! ))+I j>e (deg(A,e ; -) -deg(B,e 7 )) 

? < deg ( A , V (M A ) ) - deg ( B , V (M A ) ) + ^ • deg ( B , V (M 1 \ M A ) ) 

< y/ok/4 + y/o3k 

< 4^/ak , 

a contradiction. It remains to consider the case when deg(5, V(M)) > 3&. As G M 1 , we obtain 

deg (B,V(M B ))= deg (B,V(M)) — deg (B,V(M A )) 
>3k-deg(A,V(M A )) 
>k-v(T A )+2k-ak-2s 
> v(T B ) + ak . 

We have thus proved that Inequality (17.131 ) holds in all cases. 
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We say that a vertex is A-typical if it is typical w. r. t. cluster B and typical w. r. t. all but at most y/^N 
clusters of V (Ma). We say that a vertex is B-typical if it is typical w. r. t. cluster A and typical w. r. t. all 
but at most y/fiN clusters of V(M B ). 

Label the vertices of Wa as a\, . . . ,a\w A \ so that i < j whenever a\ cij. Similarly, label the vertices 
of Wb as bi, . . . ,b\ Wg \ in a non-^« -increasing way. We embed the tree T in the graph G using the 
standard embedding procedure. We start the embedding process with the root R and proceed downwards 
in the ^.r order. We embed the vertices of Wa in A-typical vertices of the cluster A and the vertices 
of B in B-typical vertices of the cluster B. The shrublets of S>a are embedded in edges of Ma and the 
shrublets of Sb are embedded in edges of Mb- Adjacencies between the vertices of Wa and Wb, and 
between the shrublets 3>a U &b and the seeds Wa U Wb are preserved during the embedding. We use 
Lemma 1631 Part 1 in order to embed the shrublets. It remains to set up enviroment for Lemma [631 In 
the first step we embed the root R in an A-typical vertex in A (if R G Wa) or in a B-typical vertex in B (if 
R G Wb)- Suppose that vertex a; G Wa was embedded in a A-typical vertex in A and we want to extend the 
embedding to the unembedded neighbors of a\. Let 3r A a ^ C @ a be the set of shrublets below a* which 
neighbor flj . Set W { B a,) =W B D N(a ; ) n T(| flj ) and W^ ,] = N(7(U ^f^)) H T(| a;). The shrublets of 
S 1 ^ and the vertices U W B will be embedded in this step. Let M^ a '' contain those edges e of Ma 
such that the image of a,- is typical with respect to both end-clusters of e. Define an auxiliary mapping 
£(«,) . gWi M M in such a way that 

deg(A,e) > £ v(?) + \U M n\Je\ +2A + x + 5f5s, for each e G M^'' , 

f€(ffW) -1 (e) 

where E/W is the set of vertices of G used by the embedding in the previous steps, and A = (/3s + 
t) / (y 2 /2 — 2j3). It follows from (17.121 ) and from the A-typicality of the image of the vertex c?; that such 
an mapping exists. Lemma [631 Part 1 ensures that we can embed each each shrublet t G $>a m 
the edge ^ at \t). Moreover, the embedding of ( 3r A a " is such, that all the vertices of W A can be mapped 
to A-typical vertices in A. It is easy to embed the vertices of wjf'^ in S-typical vertices of B. This 
finishes the inductive step for a,- G Wa- The case of extending the neighborhood of the vertex bj G Wb is 
analogous. □ 

Lemma 7.2. LetM* CM be a matching such that T]N < \M* \ < qN/8, let {U r } re w A be a system of sets of 
vertices ofG such that for every r G Wa it holds U r C.\JV (M), and let (p : Wa — > Abe a mapping that maps 
every vertex r G Wa to a vertex which is typical w. r. t. all but at most sets of{C\U r : C G V(M*)}. 

Let £F* C S! A be such that 

v(T*)>d6g(A,V(M*)) + ^\M*\, 

where T* is the forest induced by the trees in 

If the mapping can be extended to an embedding of the subforest T[Wa L)V(T*)] so that (p(V(T*)) C 
\JV(M*), then TCG. 

Moreover, the same holds if we interchange the roles ofWA with Wb, and 3>a with Sis- 
Proof Label the edges of M\M* as {e\,... ,e m }, where m = \M\M*\, so that, if i < j, then 

deg(g,g,-) deg(B,ej) 
deg(A,e i ) ~ deg(A,e ; -) ' 

Fix £ G [m] so that the matching M B = {e\, . . . ,eg} C M \M* satisfies 

v(T B ) + ak<deg(B,V(M B )) <v(T B ) + ak + 2s . (7.18) 
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The choice of I is possible from the bound \M*\ < qN/S. Set M A =M\ (M B UM*). We claim that 

deg(A,y(M A )) >\V(T A -T*)\ + ak. (7.19) 
To prove (IT. 19b . first assume that v(T B ) > -^fok. From Lemma 17711 we may assume that 
|deg(A,V(M B ))-deg(5,V(M B ))| < £ |deg(A,e) -deg(B,e)| < 9<fak , 

eeM 

since otherwise ICG. This implies that 

deg(A,y(M A )) > deg(A,V(M))-deg(fl,V(M fl ))-9s/ff*-deg(A,V(M*)) 

> £ - 4a« - v(r fl ) - ait - 2j - 9^a& - v(T*) + ^\M*\ 

> v{T A -T*) + ak. 

Now, we consider the case when v(7g) < i/afc. If 2 > deg(A,^)/deg(S,e^), then 
deg(A,V(M A )) deg(A,y(M))-deg(A,y(M*))-deg(A,y(M B )) 



— fc_4crn- v(r ) + - deg(fi, V(M B )) • deg(A, V(M B ))/deg(B,V(M B )) 

> k+^- Aon - v{T*) - (v(T B ) + ak + 2s) ■ de"g(A, e t ) /deg(B,e e ) 

> k+^--4an-v{T*)-v{T B )-^ak-2ak-4s 

> v(T A -T*) + ak. 

On the other hand, if deg(A,ef)/deg(B,e£) > 2, then 

deg(A,V(M A )) > 2-deg(fi,V(M A )) 

> 2- (deg(5,V(M)) -2s\M*\ -deg(5,V(M fl ))) 
fTTot 

> 2(k-4an-sqN /A- $ok- ak-2s) 

> v(T A -T*) + ak. 

For a set t/ C Ucev(M*) C> sav tnat a vertex is (A, t/) -typical if it is typical w. r. t. the cluster B, typical 
w. r. t. all but at most a/j8N clusters of V(M A ), and typical to all but at most y^N sets C\U , C G V(M*). 
Say that a vertex is B-typical, if it is typical w. r. t. cluster A and typical w. r. t. all but at most y/]5N cluster 
ofV(M B ). 

We embed the tree T, starting with the root R and progressing downwards in the ^-order. We embed 
the vertices r G W A in (A, U r ) -typical vertices of the cluster A, and embed the vertices of W B in B-typical 
vertices of the cluster B. According to the hypothesis of lemma, the shrublets of *3i* are embedded in the 
edges of M*. Then the shrublets of & A \ 3)* are embedded in M A , and the ones of 3> B \ S>* in M B . The 
embeddings of &> A \ 3)* and of Sl B are ensured by Lemma [6761 Part 1, in a standard way. It remains to 
check whether the conditions of the Lemma [6761 Part 1 are matched. If we denote by M' the submatching 
of M A such that v ; - G (p(W A ) is typical to all its clusters, then deg(A, V(M')) > deg(A, V(M A )) - 2y r fin > 
v{T A - T*) + ak-2y r pn. We can thus partition the set 3> A \ S>* — Uv,e<p(w A ) UeeM' m a suitable way 
so that each partition class &* e embeds in the edges e of M' using Lemma l676l Part 1 . Similar calculations 
hold for M B . 

We briefly sketch the "moreover" part of the statement, with the roles of W A with W B , and 3 A with 
( 2> B interchanged. Consider the subforest T* of T B composed by components of <2i B with 

v(r)>deg(A,y(M*)) + g|M*|. 

Observe that we need to check only the case when v(T B ) > ^fok. Similarly as before, we can find a 
submatching M B C M\M* so that 

v{T B -T*) + ak< deg(A, V (M B ) ) < v(T B - T* ) + ak + 2s . 
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Set M A =M\ (M B UM*). From Lemma 1770 we obtain that TOG, or we deduce that 

d£g(B,V(M A ))>v(T A ) + ak. 

We use Lemma 16.61 to map the vertices r G W B to vertices in A that are typical w. r. t. B, typical w. r. t. 
all but al most sffiN clusters of V(M B ), and typical w. r. t. all but al most y^N sets C\U r ,C G V(M*); 
we map Wa to vertices in B that are typical w. r. t. A, and typical w. r. t. all but at most y/jiN clusters of 
V(M A ). Embed T* in M* , T B - T* in M B , and T A in M A . □ 

We consider the following submatchings of M. For a cluster X G V(G), set 

Mf = {CD G M : deg(X,C) < 17s and deg(X,D) > (1 - 17)5} , 

Mf = {CDgM : deg(X,C) G [tjj, (1 - tj>] ordeg(X,D) G [t]j, (1 - 7])j]} , 

Mf = {CD G M : deg(X,CUD) < 2r\s} , and 

M~(X) =Mf UMf UMf . 

Lemma 7.3. ft /jo/* max{ |Mf |, |Mf |, |Mj |, |Mf |} < 2t]N, orT QG . 

Proof. We prove only that if max{ \Mf \ , \M% \ } > 2r\ N, then T C G. The case when max{ \Mf | , |Mf | } > 
2t]A^ is analogous. Assume that \Mf \ > 2r\N (resp. \M%\ > 2r\N). Choose a submatching M* C Mf 
(resp. M* C M2) of size 2T7./V. We know that S> A U ^ is c\j -balanced. Hence & A is cy/2-balanced or 
< 2) B is cu/2-balanced. Suppose first that Q A is cu/2-balanced. Consider a minimal subset S>* C @ A 
such that it induces a forest of order at least deg(A, V(M*)) + T] 2 n/10, and such that if t G then 
min{|y(f)nr |,|y(f)nr e |} > c v /2-v(t). Let r* be the forest induced by the components of S>* . We 
use Lemma l772l to show that T C G. To this end, it is enough to extend a mapping (p :W A ^A satisfying 
the conditions of Lemma 17721 to an embedding of T*. We label the vertices of W A as ri,r2,...,r\yy A \ 
so that if r { < R rj then i > j. Set f * = {? e f * : V(t) n Ch(r ; ) / 0}. At each step / > 1 set [/,• = 
< P(U;<i^ r (^/)) != V(M*) for the set of used vertices used for the embedding in previous steps. Observe 
that Ui n (CUD) = for all CD G M* and thus it is 1 -packed (resp. 2-packed) with any parameter and 
with respect to the embedding sets C,D, and the head set A. Set 

M* (n) = {CD G M* : r,- is typical w. r. t. both C \ U n and D\U n } , 

where U r , = if M* CM], and U r . = U t if M* C Mj (we define [/,., inductively, as the embedding of T 
is always defined step by step in the :<# order). The embedding is extended separately for M* C M A and 
M*CMiSetA=^^. 

First consider the case when M* C M^. We shall use Lemma 15761 Part 2. For i > 1, the set £/,• is 1 - 
packed (with parameter Ai and t) by induction for any pair of embedding sets (C,D), where CD G M*. 
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Set X\ = A + T + 3f3s. By the choice of 3>*, we know that 

max{|v(^;)nr |,|v(^*)nr e |}+ £ 



\Dnm 



CDeM* 

deg(A,Z))>(l-T))i 



(JV(^*) 



<(l-^r) de-g(A,y(M*)) + -^- + T 
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< 



I 

CDeM*(n) 

deg(A,D)>(l-?7)s 

I 

CDeM*(ri) 
deg(A,Z))>(l-r]> 



deg (A , D) + 2 + lr] 2 n- c v r]n 
deg(A,D) - |M* (r0| (t + X x + A + ps) . 



Thus we can partition the set f^f in sets $l* e for each edge e G M*(r,-) satisfying the conditions of 
Lemma [676] Part 2 (for Z = A, {/ = Uj and for e = CD, we have X = D, where deg(A,D) > (1 — T])s and 
y = C). We thus embed the forest *2)* e in the edge e G M*(r ; ). 

Now consider the case whenM* C A/f . We shall use Lemma [6 . 6 1 Part 3. Set A2 = 3A + 7/3^ + 4t. 
The set U n n (CUD), is 2-packed (with parameters A2 and T) by induction, for all CD G M*. Observe 
that each tree of Q>* has at least two vertices. 



deg(A,V(M*)) + ^ + T 



< £ deg(A,CUD) + V^ + -^ + T 



CDeM*{ ri ) 
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< £ deg(A,CUD)+Ar(^-T). 

CDeM'{ ri ) 

Thus we can partition the set $)f in sets 3$* e , e G M*(r,) satisfying the conditions of the Lemma 
Part 3, for Z = A, U = U rj and for e = CD we have X = C and Y = D. We thus embed each forest @* 
in the edge e. 



If f^g is cu/2-balanced, we interchange the role of £^4 and &b, and of Wa and Wg in the above. 

□ 

The pair of clusters (A,B) was characterized by the following properties: 

• AB G E(G), 

• A,BG &'n&. 

Thus, any pair of clusters (X,Y), such that XY G E(G), and X,FG JT'n Jz? can play the same role as 
the clusters A and B, in particular Lemmas |7. II 17.21 and 173] can be applied to any such pair of clusters 
(X,Y) to obtain T C 6, or max{|Mf |, |M[ |, |Mf |, |Mj|} < 27]AT. Thus in the following it is enough to 
consider the latter case. Then, for any C G X' n n N( JT' n if) we have 

deg(C,V(Af _ (C))) < Wr}n . (7.20) 
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Choose M*(A) CM\M~(A) maximal such that for V' = [Jcdem* (a) c u d we have \V'\<k + 2s. 
We claim that 

|LnV'| > |V'|/2,and (7.21) 
\V'\ >deg(A,V') >k-10.5r]n. (7.22) 

For property (17.211 ) it is enough to observe that at least half of the vertices in any edge CD G M*{A) are 
large. Property (17.221 ) is proved by analysing two cases. If M* (A) = M\M~ (A), then 

i lTTol & fHot 

deg(A,y') >deg(A,V(M))-deg(A,V(M"(A))) > k-Aon- \0r]n > k- \0.5r]n . 

If M*(A) ^M\M-(A), then deg(A, V) >(1-T])k > k— I0.5r)n . 

Observe that for any X G 3£' fl =S? D N( JT' n J2? ), similarly as above, we obtain 

f7~rol & fT20l 

deg(C,V(M\M~(C))) > k-\§5T]n. (7.23) 



If ^G r (V, V\V) < con 2 /2, then e G (V, V\ V) < con 2 , as by cleaning the cluster graph G we deleted 
at most 2yn 2 edges, and ec(V ,V \ V) < fin 2 (recall that /3 <C ft)). The set V' satisfies the require- 
ments of the Proposition 14.41 

PART II: Escaping from V'. In the rest of the proof, we assume that 

e Gr (V',V\V) >(On 2 /2. (7.24) 

Under this assumption, we show that ICG. We use the edges between V' and V \V in order to "escape" 
from V'. More precisely, we save space in the neighbourhood of A by embedding part of the forest T A in 
V\V. 

Set ^ 3 = {t G ® A : \V(t) \N(W A )\ > 2} and tfp = {t e @ A \ ^ : v(t) > 3}. For i= 1,2 set 
= {t £ $ A : v (t) = /}, and by V the forest induced by ST 1 . Observe that 5^- 3 , ^- 3 , 5^ 2 , and ^ 

partition Q A . Since the distance between any two vertices in W A is even, for each tree t £ £? l U 3? 2 , only 

the root of t is adjacent to W A . 

Lemma 7.4. \V(\J{t G =^- 3 })| < 36t]«, or T C G. 

Proo/ Suppose that |V(U{? G ^" 3 })l > 36?]n. We show that ICG. Choose a maximal forest T A * of 
order at most 36t](1 — 2t])« formed by components of ^- 3 . Then v(7 A *) > 36t](1 — 2ry )?i — T. This 
forest contains relatively few vertices adjacent to W A , more precisely 

|N(W A )nV(r;)| < 12(1 -27i)rjn+\W A \ . (7.25) 

As e Gy (V', V\V')> (an 2 j2, for at least coN/4 clusters C G V(G), C C V', it holds deg(C, V \ V ) > 
ft)«/4. All but at most 3y/V of these clusters have the property that deg (C,V(M)) > deg(C) — 3an — As > 
deg(C) — Aon (from the assumptions of Case II). Thus 

deg(C,V(M\M*(A))) > ^ -Aon . (7.26) 

Let "?f be a set of \2r]N such clusters. We shall use the clusters in <rf as bridges to embed part of T£ 
outside of V'. In % ', we shall embed the vertices of T£ that are adjacent to W A , and the rest V(T£) will 
be mapped to V \ V. We cannot then use the clusters that are matched with 'tf anymore, however this 
loss is overcompensated by the amount of vertices of that we are able to embed in V \ V'. 
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SetM* = {CD£M*(A) : {C,D} ntf / 0}. Then, 

max{deg(A,V(M*)),deg(fi,V(M*))} <24rjn (7.27) 

and thus 



CL22) 

deg(A,V(M*(A)\M*)) > deg(A,V') -2Ar]n > k-35r]n 

>v{T)-v{TX) + r]n/2. (7.28) 

We claim that there are disjoint submatchings Ma and M B of M\M* such that 

deg(A,y(M 4 )) > v (r A )-v(r A *) + 7]n/8 , and (7.29) 

deg(B,y(M B )) > v(T B ) + r}n/& . (7.30) 

To prove the existence of Ma and M B satisfying (17.291 ) and (17.30b . we consider two cases based on the 
order of T B . 

First assume that v(7g) > ^/aL Lemma 17711 implies that 



deg(B,V')>deg(A,V')-9^fok > k-Ur]n. 
Similarly as in (17.281 ). we obtain 

deg(B,y(M*(A) \M*)) > v (r) - v(r A *) + r\n/2 . (7.31) 

Requirements (17.291) and (17.301 ) follow by application of Proposition 13.71 Indeed, setting A = 2s, 
a = v(T A ) - v(T*) + T]n/4, b = v(T B ) + r]n/%, I = M\M* and for e G / setting a e = deg(A,<?) and 
j8 e = d€g(B,e), we infer from (17.281 ) and (17.311 ) that the matching M\M* can be partitioned into two 
submatchings Ma and Mb satisfying ( 17.291 ) and (17.30b - 
(Jfr2) Now assume that v(7g) < ^fok. Then 

E2U&4T27) 

deg(fl,V(M\(Af-(5)UM*))) > k- 10.5tj?2 - 24tj« 

> v(r B ) + T]n/8- 

LetM g CM\(M-(B)UM*) be such that v(T B ) + T]«/8 < deg(B,V(M B )) < v(T B ) + T]n/8 + 2s. Equa- 
tion (17.30b holds. Recall that B is densely connected to M\M~ (B), thus 

2s-\M B \ < (v(r B ) + T]n/8 + 2j)/(l-T]) 

< 2\fok + (77^/8 + r] 2 n/A)+As 

< T]«/4 . (7.32) 

SetM A = M*(A)\(M*UM B ). Then, 

deg(A,y(M A )) > deg(A,y(M*(A)\M*))-2 J -|M B | 

fTM & (T32\ 

> v{T)-v{T*) + T]n/2-r]n/A 

> v(T A )-v(T2) + T]n/S, 

implying ( 177291 ). 

In both cases, observe that for each cluster CG^we obtain 

deg(C,y(M\(M B UM*(A)))) > con/4- \0r]n-As-2s\M B \M*{A)\ > con/8 . (7.33) 
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Say that a vertex is A-typical if it is typical w. r. t. cluster B, typical w. r. t. typical w. r. t. all but at 
most a/jSjV clusters of V(M A ). Say that a vertex is B-typical if it is typical w. r. t. cluster A, and typical 
w. r. t. all but at most clusters of V (M B ). 

We embed the tree T in the graph G starting with the root R and progressing downwards in the 
^R-order. We embed the vertices of Wa in A-typical vertices of the cluster A, and embed the vertices of 
Wb in B-typical vertices of the cluster B. The forest T A — is embedded in Ma and the forest Tg in Mb- 
The set N(Wa) n^(r A *) is mapped to vertices in ^ that are typical w. r. t. all but at most y/]$N clusters 
of V (M \ (M* (A) UAfgj), and the forest 7/ A * - N(W A ) is embedded in M\ (AT (A) UM B ). Adjacencies are 
preserved. To embed T a — T^,Tb and T£ — N(W^), we shall use Lemma [631 Part 1. 

Let v be any vertex in <p(Wa), and let the set M\' consist of the edges XY G Ma such that v is typical 
to both X and Y. Similarly define M B for a vertex v G (p(W B ) and (M\ (M*(A) UM B )) V for a vertex 
v G (p(N(W A )r\V(T*)). Then, 

deg(A, V(MJ0) > |V(r A ) \V(TX)\ + nk/A-2^Ns > \V(T A ) \ V(r A *)| + a* . 
For v G <p(Wa) by $725$ it holds 

deg(v,^) > deg(A,<r) - JSj^I 

> (l-7]-j3)12r]n 

> |N(w A )nv(r;)| + a^. 

Similarly, we obtain deg(B, V(M B ')) > v{T B ) + ak for v G <p(We), and 

deg(C, (M\(M*(A) UM B )) V ) > con/8 - 2^f$n > v(T^) + ak , 

for v G <p(N(Wa) ny(7 A *)). For each r G Wa, we extend its mapping to an embedding of the components 
of Ta — T^, with root in Ch(r). This is done by filling up the clusters C and D, for every CD G M^'\ 
Lemma 16.61 Part 1 ensures that we can embed in CD G M^ components of total order of at least 
deg(A,CUD) — ak/2 (the set U denotes the set of used vertices; it is 1-packed by induction). The 
embedding of T B and of T£ — N(Wa) are treated similarly. □ 

Now we have the tools to prove Lemma 1731 It considers the situation when a substantial portion of 
the edges between V' and V\V does not emanate from Jzf. Set y = {C : CD G M*(A), C ^ Jzf } and 
5 = Uce,y~ C- 

Lemma 7.5. It holds e Gy (S, V\V')< 32T]n 2 , orT CC. 

Proof. Assume that ec y (S, V \ V) > 32r]n 2 . We show that ICG. For this, we consider three cases. The 
first case (CI) deals with the case when there are many leaves of T adjacent to vertices of Wa- As such 
leaves can be embedded at the end in a greedy way, it is enough to embed a significantly smaller tree. 
The second possibility (C2) deals with the case when the set 3 A contains many 'large' components. This 
case was treated in the Lemma 1774] In the last part of the proof we consider the remaining case (C3), 
when most of the trees in & A w& paths of length 2. 

(CI) If | LWi V(t)\ > 2r\n, then consider the subgraph T = T - V{T l ) obtained from T after 
deleting all leaves adjacent to Wa- Observe that T' is a tree. 

v(r') + r\n <k-r\n< min{deg(A,V 7 (M)),deg(B,V(M))} . 

By Proposition [321 there exists a partition M = M A UM B such that deg(A, V(M A )) > \V(T A )\V(T 1 )\ + 
r\n/A and deg(5 ', V (Mb)) > v(Tg) + rjn/4. We then define the embedding of T' in a standard way. The 
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trees of are leaves whose parent vertices are mapped to L, and can be embedded greedily. This 
implies that ICG. 

(C2) By LemmaEl if | \J t€ &*i V(t)\ > 36?]n, then TQG. 

(C3) If | Ue^>3 V(t)\ < 36T]n and | \J te ^ V(t)\ < 2r]n, then the trees from @ A \ (£T> 3 u ^ U ST 1 ) 
consist only of trees of order at least 3 that contain only one vertex not adjacent to Wa- 



U V(t) 



= v(T A )-\ (J V(t)\-v(T')-\ (J V(t) 

> k/2 - \W A U W b \ - 36T]n - 2t]?i - 3\W A \ 

> 26t7« . 



Let T A * be a maximal forest of order at most 2617 n formed by trees from ST 1 . Observe that 26tj« — % < 
v(T*) < 26t]«. 

There are at least \6r\N clusters C G ^ for which deg(C,M\M* (A)) > 16r]n. Let ^ be a set of size 
lr\N formed by such clusters contained in different edges of M. Set 

M* = {CD€M*(A) : {C,D}n^/0} . 

From deg(A, V(M*)) < \\r\n we deduce that 

deg(A,V(M*(A)\M*))>k- 1 lT7« - 14t]« > yt - 25tj« 

>v(r)-v(r A *)+Tjn. 

We claim that there exist disjoint submatchings M A andMg of M\M* such that deg(A, V{M A )) > v(T A ) — 
v(r A *) + T]«/8 and deg(fi, V(Mg)) > v(Tg) + T7/2/8. We consider two cases, depending on v(Tb). 

(♦1) First assume that v(7g) > -y/(7fc. Then, similarly as above and by Lemma I7TT1 we have that 
rCG.or 

deg(B,V(M*(A) \M*)) > v(T) - (r A *) + T]« . 

Using Proposition l3.7l we partition M* (A) \M* in two submatchings M A and M B so that deg(A, V (M A )) > 
\V(T A ) \ V(T*)\ + T7«/8 and deg(5, V(M B )) > v{T B ) + t]n/%. 

(42) If v(7g) < y~ck, then choose a submatching M B CM\(M"(B)UM*) so that 

v(T B ) + T]«/8 < deg(B, V(M B )) < v(T B ) + 7]n/S + 2s . 

It follows that 2s ■ \M B \ < (v(7i) + Tjn/8 + 2s)/(l -tj) < T]n/4. SetM A = M*(A) \ (M* [J Mb). Then, 

deg(A, V (M A )) > v(T) - v(r A *) + 7 1 n-2s- \M B \ > v(T A - T A *) + ^n/S . 

Say that a vertex is A-typical if it is typical w. r. t. cluster B, typical w. r. t. "rf, typical w. r. t. V (M* )\ c <p, 
typical w. r. t. all but at most y/]5N clusters of V (Ma)- A vertex is B-typical if it is typical w. r. t. cluster 
A, typical w. r. t. all but at most ^/]3N clusters of Mg. 

We embed T progressing downwards in the ^#-order. We embed the vertices of W A in A-typical 
vertices of the cluster A, and embed the vertices of Wg in B-typical vertices of the cluster B. The forest 
Ta — is embedded in Ma, and the forest 7g in Mg. The roots of half of the forest 7^* are mapped to 
vertices in ^ that are typical w.r. t. V(M\ (M*(A) UMg)), and the neighbours of such roots are mapped 
to the set V \ V'. The left-over roots of 7^ are mapped to vertices of V (M*) \ c tf, and their respective 
neighbours are embedded greedily. This is possible, as vertices in V(M*) \ ^ are large vertices. We use 
Lemma 16.61 Part 1 in a standard way in order to embed the components of the forest in the respective 
matching edges. Adjacencies are preserved. Details are left to the reader. □ 
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Set Mi = {CD G M*(A) : {C, D} C .if}. In the same spirit as above, we prove the following auxiliary 
lemma. 

Lemma 7.6. It holds \M L \ < lr\N, orT CG. 

Proof. The proof is analogue to the one of Lemma 17.51 and thus we provide only a short sketch of it. 
Assume that \M L \ > lr\N. We choose M* C M L of order lr\N. We partition M\M* =M A UM B as before. 
The set Wa is mapped to vertices that are typical w. r. t. cluster B, typical w. r. t. V (M*) and typical w. r. t. 
all but at most clusters of V (Ma)- The set Wg, the forest Ta\T a *, and the forest Tb are embedded 

as above; the roots of T A * are mapped to vertices in \JV(M*) C L; the left-over leaves are embedded 
greedily. □ 

Lemma 7.7. Under the above assumptions, it holds T QG . 

Proof. Assume that e Gy (V'\ S, V\V) > (On 2 / 4 and that \M L \<lr\N. We show that then ^(S^V') > 
32t]?i 2 and by Lemma 1731 this implies that ICG. 

For at least (ON/4 clusters C of V(M* (A)) \y it holds that deg(C,V \ V) > (On/4. As such clusters 
are in N(A) n if, at least (ON/4 - 1 > (ON/S of them are in 3£' n if (see Proposition WM . Denote 
this set by ^. By (TTTIOl) . we obtain for C G ^ that de~g(C,V(M c )) > (On / 4 - \ \r]n, where M c =M\ 
(M"(C) UM*(A)). At least nearly half of the weight from C to M c goes to clusters that are in as all 
matching edges are incident to if and the degrees to both end-clusters cannot differ too much. Also all 
but at most one cluster of V(M C ) n Jzf are in X' . Therefore deg(C, V(M C ) n ^f'nif) > (On/10. 

Set£i = \J CeV V(M c )n3r'r)5?. Then \@\ xoN /10. We deduce that e Gr (U^,U ^) > (s-coN/S)- 
(On/ 10 = (0 2 n 2 /80. From (17.201) . we infer that each Def sends at most IIT772S edges in M~(D). So 
deg(D,'if \V(M~(D))) > G) 2 «/80- 1 1t]« > ft) 2 «/100. The cluster D has also large degree to the clusters 
which are matched to c €\ V(M~(D)) by M*(A). As \M L \ < lt]N, neai'ly all those clusters are in y. We 
deduce that deg(D,5) > (1 - t])(o 2 ?i/100-7t]« > co 2 «/200 and thus 

e Gy (V\V',S) > e Gy ({J{D e ^) > ^ ■ ^ > 32^ 2 , 

what we wanted to show. □ 
This finishes the proof of the Proposition 14.41 

□ 



8 Extremal case (proof of Proposition 14.11) 

Let 7 be such that j3 <C y o <^ 1. Throughout this section we write # = ci(?i/^). It holds A < ^. The 
sets Vu i G [A] are called c/wsfer.f]. 

Suppose that G admits a (j8 , a)-Extremal partition Vi,...,Vx,V. In any cluster Vi most of the vertices 
of Vi n L are adjacent to almost all vertices of the cluster. Likewise, almost every vertex in V,- n 5 is 
adjacent to almost all large vertices of the cluster. We make these statements precise in the following 
claim, however throughout the rest of the section we just refer to (j8, a)-Extremality to use similar 
properties. 

Claim (Properties of a cluster in a (j3 , a)-Extremal partition). For any i G [A] and any c > the following 
holds. 

1. For all but at most sffik/c vertices v G V, Pi L it holds that deg(v, Vi) >k — cy^k. 



The notion of "cluster" in Section[8]is very different from the one used in other sections of the paper. There, a cluster is a 
vertex set obtained by the Regularity Lemma. 
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2. For all but at most 2\ffik/c vertices v G V{ H 5 if /joW^ that deg(v, Vj(~)L) > |V,- H L| — c^ffik. 

Proof. 1. Let t/ = {v G V; flL : deg(v, V,) < k — c^/fik}. Since every vertex v £ U sends at least 
c^ffik edges outside V;, we deduce from e(Vi,V\ Vj) < [5k 2 that \U\ < y/fik/c. 

2. LetW = {v£ V t nS : deg(v,V,- nL) < |V; HL| - cy/pk}. From 

e(V,-nL,V;-n5) > \ViHL\k- \Vif]L\ 2 -pk 2 > \Vi D L\\Vi D S\ - 2f3k 2 , and 
e(Vj n L, Vj n 5) = e(Vi n L, W) + e(V; n L, Vj n 5 \ W) 

< (\Vif]L\ - C y/jik)\w\ + |v;nL|(|v;-n5|-|w|) 

= \Vif]L\\VinS\ - cs/pk\W\ 
we infer that \W\< 2^/pk/c. 

□ 

(Using the above claim with c = 1 will be sufficient for our purposes.) 

For each i G [A] we set U = {u G L : deg(u, V,-) > (1 - y/2)fc}. Observe that \V\ > (1 - //2)§, and 
that 5(G[L'',A]) > |A| - y& for every A C V;. 

The (j8, a) -Extremal partition has two subcases. It is abundant if there exists / G [A] with \L'\ > 
(Jfc + 1)/2, and it is deficient if |L ! '| < (Jfc + 1)/2 for all / G [A]. 

For each z G [A] we set SJ, = {v £ Sn Vj : deg(v,L') > |L'| — yk/2}. Observe that the sets S l are 
pairwise disjoint, and that \V US' \ > (1 — y/2)k. 

The goal of this section is to prove Proposition 14. II That is, given a (j3, a)-Extremal decomposition 
V\ , . . . , Vx , V of V (with j3 <C a) we have to show that Q G, or there exists a set Q C V such that 

• iei >jt/2. 

• ienL|>iei/2. 

• e(e,v\e)<a^ 2 . 

The proof of Proposition 14. II is decomposed into two separate statements, Proposition 18.11 and Proposi- 
tion HiH according the number of leaves of the tree T G =^t+i considered. 

Proposition 8.1. Let T G 2?k+\ be a tree that has at most 60yk leaves. Furthermore, suppose that G 
admits a (/3 , a) -Extremal partition V\ , . ■ . ,Vx ,V. Then T C G, or there exists a set Q <ZV such that 

• \Q\>k/2. 

• \QnL\>\Q\/2. 

• e(Q,V\Q)<ak 2 . 

Proposition 8.2. Let T G 2?k+\ be a tree that has more than 60yk leaves. Furthermore, suppose that G 
admits a (/3 , o) -Extremal partition Vi,...,Vx,V. Then T C G. 

The proofs of Propositions l8~Tll8.2l occupv Sections [87TI and !8.2l respectively. 

Let us first rule out some easy configuration from further considerations. 

Lemma 8.3. Suppose that G admits a (j8 , a) -Extremal partition V\ , . . . , Vx ,V. Any tree T G 3?k+\ with 
discrepancy at least 2yk is a subgraph of G. 
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Proof. Choose L* C U with \L*\ = (1 - y/2)|, and set 5* = (L'liSI)\L*. Observe that |5*| > (1 - 
y/2) | , and thus 

min{5(G[L*,5*]),5(G[5*,L*]),5(G[L*,L*])} > (1 -y/2)k/2-yk/2 > (l-3y/2)Jfc/2 . 

Take the semiindependent partition (i/i, L^) of T witnessing that disc(r) > 2yk. Denote by W the set of 
leaves of T. Since by Fact 13 .21 

\U 2 \W\ < |C/i| < (k+1 - (2yk))/2 < (1 - 3y/2)Jfc/2 , 
we may apply Fact [33] to embed T in G using the sets L* and 5*. □ 
Lemma 8.4. 1. The sets {L'} ie ^ are mutually disjoint, or 2?k+\ ^ G. 

2. Suppose that V = 0. If there exists a vertex u£ L \ (|J ( L ! ), f/ze« C G. 
Proo/ For each i G [A] fix A; C L' a set of size (1/2 - y/4)k, and set £ ; = (U U 5;) \A/. 

1. Suppose that there exist distinct indices i,j G [A] and a vertex w G L' C\V ' . Let T G ^k+i be 
arbitrary. By Lemma 1831 we can assume in the following that disc(r) < 2yk. Since e(Vi,Vj) < 
fik 2 , it holds that \L' r\V\ < yk. By Fact 13. II there exists a full-subtree T C T rooted at a vertex 
r such that v(T) G [fc/6,/:/3]. We map r to w, and the tree f to G[A,-,B/] greedily (this is possible 
since max{|r e nV(f )|, |r o nV(T )|} < v(T)/2 + 2yk, by Lemma [33]). By Lemma [33] it holds 
min{|r e n V(T - f )|, \T nV(T - T )}| > v(T - T )/2- 2yk, and we infer that max{|r e n V(r - 
f)|,|r o ny(T - f)|} < 5A:/12 + 2yit, we can embed T - f in G[A y ,B y ] greedily (avoiding the 
previously used vertices of V nL J ). 

2. Suppose that there exists a vertex u G L\{J j L'. By Part[T]of the lemma, we may assume that the 
sets L' are pairwise disjoint. 

We saw in the proof of Part[T]of the lemma that the graphs G[A,-,fi,-] are suitable for embedding 
a tree whose both color-classes have sizes at most (1/2 — 2y)&, and of a tree with substantial dis- 
crepancy. We shall consider sets X, C A, and C Bj which have even better embedding properties. 
Define 

Xj = {u G Aj : deg(w,^) > (1 - y/(13#))£} , and 
Y{ = {u G Bi : deg(w,L ! ) > \V\ - yjk/(13d)} . 

(In applications, we will be using the property that deg(w,X;) > — yk/ (13i?) for every u G ?,-.) 
By repeating the arguments we used to estimate the sizes of A and Bi we obtain that 

\Vi\{XiUY t )\ <yk/(6$ 2 ). (8.1) 

As Xj C V and F; C 5^, all the sets X,- and are pairwise disjoint. Let T G ^k+\ be arbitrary. 
Analogously as in the proof of Lemma [831 it holds T C G if disc(J) > yk/(6&). Therefore we 
assume that disc(r) < yfc/ (6tJ). By Fact l3.1l there exists a full-subtree f C T rooted in a vertex r 
such that v(r) G [0.3&,0.6&]. We will embed the whole tree T in G, mapping r to m. Let D be the 
set of leaves of T in Nr(«). We first embed the tree T — D. The embedding is then extended to an 
embedding of T using the property of high degree of u. 

A 2 + -component is a component of the forest T — r of order at least two. Let ^ be the family of 
all 2 + -components. For any subfamily "jf' it holds by Lemma [331 and the assumption disc(r) < 
yk/(6-&) that 

max{V(^')nT ,V(^')nT e } < \V(^')\/2 + yk/{\2-&) + 1 . (8.2) 
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By (18.11 ) at most yk/ (3$) vertices of the graph G are not contained in (J,.(XjUi/). Thus, deg(w,|Jj(XU 
Yj)) > (1 — 7/ (3#))&. We shall assign each 2 + -component C € an index ;'c £ [#]• The idea is 
that each 2+ -component C will be mapped to the cluster Vj c . Thus the following requirement on 
the assignment for each j G [■&] is natural: 

deg(w,X y UYj) >\{Ce^\ i c = j}\ , and (8.3) 
£v(C)<(l-y/3)*. (8.4) 

'c=7 

We shall describe an algorithm which constructs the desired assignment. The algorithm will be 
such that in one step j (j £ [$]) we assign a family of 2 + -components the index j. The family will 
be maximal possible with respect to (18.31 ) and (I8.4I ). Observe that during the assignment process, 
(18.41 ) can be applied at most once as a terminating rule. Indeed, suppose that the terminating 
rule (18.41 ) was already used for the index j\. That is, we already assigned the index j\ to a family 
c &' C c £, and we were not allowed to assign the 2 + -component C the index j\ since 

£ v(C)+v(C')>(\-y/3)k. 

By the way the root r was found, no 2 + -component has more than 5k/ '6 vertices. Thus we have 
assigned the 2 + -components of total order at least (1/6 — y/3)k the index j\. The total order of 
yet unassigned 2 + -components is at most (5/6 + y/3)k, and thus (18.41) cannot be violated in any 
future step j% > j\. 

Let us now describe the assignment algorithm in detail. We order the 2 + -components as C\ , . . . ,C\<g\, 
so that v{C\) > v{C%) > ... > v(CWi). Without loss of generality, we assume that deg(«,Xi U 
Y\) < • • • < deg(w,X# UY$). Set wq = 0. The algorithm terminates as soon as there are no 2 + - 
components with an unassigned index left. This trivial rule will be not mentioned explicitly in the 
description. 

We sequentially assign the yet unassigned components the index j = 1, . . . , In step j we as- 
sign the 2 + -components C„ ... ,C w ._ l+K the index j, where K is the maximum number such 
that (18.31 ) and (18.41 ) hold. If K = deg(w,X 7 - UYj), then we set Wj = w 7 _i + K, and we proceed with 
the next step 7 + 1. Observe, that in the case that only the rule (18.31) is applied during the run, we 
will safely assign all the 2 + -components; in fact we have means to embed almost k 2 + -components 
(while there are at most k/2 2 + -components). 

The situation is more complex in the case that the active terminating rule is (18.41 ). i.e., in the case 

that E2w-_!+i v ( c > C 1 - T/ 3 ) k - (Recall that this may happen at most once during the whole 
run.) 

• Let us first consider the case that ^ < ,deg(tt,Xy u Yy) > 0. In that case, the compo- 
nent C\ was already assigned an index ic, < j. From the fact that the order the unas- 
signed components is at least (I — y/3)k, we infer that v(C\) < yk/3, and consequently, 
v(Q) < yk/3 for any i G [\^\\. Thus, ESw-^+i v(Q) > (1 -2y/3)k. We plug in the fact that 
deg(w, V \ Uf(Xj UYj)) < yk/6 and that u V and get 

£ deg(M,X / U Yji) >k — yk/6 - (1 - y/2)k = yk/3 . 

Thus we have a guarantee that all the 2 + -components of Si = c €\ {C Wj _ l+ \ ,C Wj _ l+K } 
can be assigned indices different from j (not violating (18.31) ). provided that their number is 
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at most yk/3. But this is indeed the case, as 



W\<^ £v(C)<7*/3. 

In the other case, we have assigned the component C Wj _ l+ \,. . . ,C W ._ 1+K the index j. (Trivial 
remark: wy_i =0.) We continue assigning the index j sequentially starting from the smallest 
2 + -components, i.e., to C\^\,C\^\_\, . . . as long as (18.31 ) or (18.41 ) are not about to be violated. 
Say that the last 2 + -component we assign the index CWi_ z+ i (we use the convention that z = 
if we have not assigned any 2 + -component in the second stage the index j). If deg(u,Xj U 
Yj) = K+z, (i.e., that (18.31 ) is about to be violated), we set wj = w,-_i + fc, and proceed with 
the step j + 1 . Recall that (18.41) cannot be violated again, and observe that to each cluster V,- 
we may assign up to deg(M,X, UF ; ) 2 + -components. 
Otherwise, we are in the situation governed by (18.41) . i.e., 



fv(Q)+ £ v(Q)>(l-y/3)*. 

;=i ,- = |^|_ z+ i 

We would like now to assign indices j+ 1, . . . to the 2 + -components C^+i , . . . ,C|^i_ z . We 
bound the number of these 2 + -components: 

\{c K+1 ,c^_ z }\ < v(q ^ hJ < v{c ^_ z) < k/4 . 

Observe that £ i 7 >i deg(«,X i / U Yf) > k/4 by the hypothesis on the ordering of the clusters. 
Thus we will successfully extend the assignment to all 2 + -complements in future steps. We 
set wj = Wj- \ + K and proceed with the step j + l. 

This finishes the description of the index-assignment algorithm. Its correctness was verified during 
the description. 

We embed the tree T as follows. The vertex r is mapped to u. For each component CG^we 
embed its root yq £ V(C)(lNj-(r) in one vertex from (X,- c UYi c ) nNg^) (so that distinct roots are 
mapped to distinct vertices). We denote the image of the root rc by (p(rc)- Then the embedding 
of the roots is extended to an embedding of all 2 + -components. This can be done greedily since 
each of the graphs G[X;,y,] has minimum degree at least (1/2 — y/(12#))fc+ 1, and it holds by a 
double application of (18.21 ) that 

£ |V(C)nr e |+ £ |y(C)nr o |<(l-27/3)V2 + 2(7V(12^) + l)<5(G[X,-,y]),and 

CeV CeV 

cp{r c )eXi <P{r c )eYi 

£ \v(c)nr \+ £ |y(c)nr e |<(i-2y/3)*/2+2()*/(i2*) + i)<5(G[Yi,y i ]). 

<p(r c )eXi <p(r c )eY< 



□ 

The next three statements (Lemma l831 Lemma [831 and Proposition l8.7l ) deal with the Deficient case. 
In this case, it may happen that none of the clusters are suitable for embedding of the tree T G ^k+i- For 
this reason, we must find connecting structures that allow us to distribute parts of the tree to different 
clusters. Each of the following three statements is used for a different type of trees. 
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If the configuration of the graph is Deficient, we show that V = 0. First we bound the sizes of the 
setsLandS: \L\ < X{\ + y)k/2 + {I - o)\V\, \S\ > X{\-y)k/2 + (l + a)\V\. Since \L\ > \S\, we infer, 
that \V\ < ok/2. This in turn implies that V = 0. Thus, A = #. Observe also that 

${k+l)>n. (8.5) 

Lemma 8.5. Suppose that G admits a (j8 , o)-Extremal Deficient partition V\ , . . . , V$ , V, (V = 0), such 
that {L'}f =i is a partition ofL. For i G [■&] define S'^ = {u £ S : deg(«,L ! ) > (1/2 — y)k}. 

Then there exist distinct indices i\ , i% G [#] such that there exists an L n <-> L' 2 -edge, or a L' 1 <-> Sl- 
edge, or there exists a vertex xq G S such that deg(xo,L) > (1/2 — y)k, min{deg(xo,L' 1 ),deg(xo,L' 2 )} > 1. 







L 

















Figure 2: Three possible connecting structures guaranteed by Lemma 



Proof. We may assume that the sets 5J are mutually disjoint, otherwise there exists a L' 1 <-> S^-edge 

(h 7^ h)- Also, we are done if there exists an L' 1 «-> L' 2 -edge, or there exists an L n <-> 5j 2 -edge (ji / 12)- 
We suppose that this is not the case in the following. 

We write Y = S\(J/>S|- For any i G [#] and any vertex u G V there are at least max{&+ 1 — \L l \ — 
|5||,0} edges emanating from u to Y . Thus, 

e(L,Y) > £ |Z/| max{k+ 1 - |L'| - |Sj|,0} 
i 

> £(1/2-7)^+1-1^1-141) 

= (1/2 - y)k{$(k+ 1) - |l| - 15| + 

GE3 

> (l/2-y)*|y| 

By averaging, there is a vertex xo G Y such that deg(jco,L) > (1/2 — y)k. From the definition of Y, 
deg(xo,L') < (1/2 — y)k, for any i G [#]. Hence, xo is adjacent to at least two sets from {lJ}j, as 
required. □ 

Lemma 8.6. Suppose that G admits a (j3 , o)-Extremal Deficient partition V\ , . . . , V$ , V (V = 0), such 
that 1 is a partition of L. There exist io G [#] awe? c? vertex v G L ! ° smc/j that deg(v,L'°) + 

deg(v,U y ^ (^U^')) > k/2, where S j = {v G S : deg(v,LJ) > k/(3$)}. 
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Figure 3: Connecting structure guaranteed by Lemma [831 



Proof. Partition \JjSi into sets §■>, j G [#] such that 5 ; C S J . As |L| > |5|, there exists an index i G [$] 
such that |5'| < |L'| < Without loss of generality, assume that k/2 — jS 1 ) is the maximum value 
among all values k/2 — \S'\ (i G [#]). Then k/2 — \S l \ is non-negative. 

Suppose that Lemma [8^61 is not true. Then for all vertices v G L 1 it holds 

deg(v,S\ |J S j ) > deg(v,5\ |J S j ) > k/2. 

Thus deg(v,5 _ ) > k/2- \S l \, where S~ = {u G S : deg(n,Z/) < fc/(30),Vi = 1,. ..,#}. A double 
counting argument on the edges between L 1 and S~ gives 

|5-|^>^(L 1 ,5-)>|L 1 | 



implying that 



On the other hand, as 



* \2 



ZM = \l\>\s\=£\sj\ + \s-\, 

j j 

there exists an / G [■&] such that \L'\ > \S l \ + From the maximality of fc/2 — [S 1 1 and from (18.61) 

we deduce that 

x - 5 1 > - - 5' > L< - s l > l —r> -V 1 U - 5 
2 ii_ 2 ii_ii £ V 2 

implying &: > 3 \L y | , a contradiction. □ 

Proposition 8.7. Suppose that G admits a (j3 , a) -Extremal Deficient partition Vi,...,V#,V (V = Q>). 
Furthermore, suppose that the sets {L'} ie ^ partition the set L. Then there exists an index z'o G [&] and 
matchings <£'°, and such that the following hold. 

• <f'° is a L'° <->• (L\L k )-matching, is a L k <-> S-matching. 

• Each edge xy G ^, , a: G L'°,y G 5 /ias property that deg(j,L- / ) > £/ (5&) for some j / /(). 

• y(^)nv(/») = o. 

• |L ,0 | + |J"' | + |^'°| > *±±. 
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Figure 4: Connecting structure guaranteed by Proposition 18.71 

Proof. For each i G [■&] let 5^ = {u G S : deg(w,L') > k/(5&)}. It holds by (j8, a)-Extremality that 
|5g| > (1/2 — y)&. We first find for each / G [#] two vertex-disjoint matchings E' and D', such that E' 
is a L' <-> (L\L') -matching, D' is a L' <-> (S\S^) -matching, and such that the matchings {0 ! }, G ^j are 
pairwise vertex-disjoint. 

For each i take E' to be a maximum L' <-> (L\U) matching, and if |L'| + |5r,| + > &+ 1, truncate 
£' so that \L' \ + |S^| + 1^1 = max{& + 1, |L'| + In the following we assume that 

(L'l + I^l + I^ 1 ! > |L 2 | + |5|| + |£ 2 | > ... > \L^\ + \S$\ + \E^\ . (8.7) 

Start with i=l, and increase the index i gradually. Take D' to be a maximum {V \ V (£'))<-> (5 \ (S'y U 
U ; -<; V , (D J '))) matching and truncate it so that \L'\ + \S^\ + \E'\ + \D'\ = max{k + 1, \L'\ + \S'y\ + \E'\}. 
We show that such a matching D' exists. If \L'\ + + \E'\ > k+ 1, then set D' = 0. Otherwise, we 
want to find D' of size d t = k+ 1 - |L'| - |S(p| - By dO it holds for the set B t = Sn \J i<t V(D>) 
that < &di. Each vertex « G L' has at least d\ neighbors outside L' US'y UV(E'). Color arbitrary 
di edges emanating from each vertex u£L' outside L' US^ UV(£') by black, and the remaining edges 
incident to u by grey. Easy calculation gives 

e H ^(L i \V(E i ),S\(S\y\JB i )) > d i {\/2-?>Y)k-Vd~ > ^ . (8.8) 

Since the maximum degree in the graph G\,i ac y L [L i \V(E'),S\ (S^Ufi,-)] is upperbounded by max{&/ (5$),*/;} 
kj (5$), we see that there is no vertex cover of Gbi ac ^[L' \ V(E'),S\ (5^ US,)] of size less than 

djk/5 A 
k/{5$) ~ 1 ■ 

Hence, by Konig's Matching Theorem, there exists a matching D' of size di with the desired properties. 
WesetX, = y(D')\L''. 

Let us summarize the properties of the obtained structure. For any i G [#] it holds 

\V\ + |Sy + \E l \ + > jt + 1, and (8.9) 
X,n|JX ; = and S^nX,- = 0. (8.10) 

The aim of the following several lines is to prove that there must be an index i G [#] such that sufficiently 
many vertices from S'y UX' are contained in {Jj^S^, thus providing with the desired bridges from the 
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cluster Vj. It holds 



n-\L\> 



U(^ux,) 



> Il^l+Il^l-I 



H2D 

> #(£ + !)- |L|-£ 



which yields 



Mi 



E i^i + i^i + 



(siyUXi)n{Jsi 

Mi 



(5^ux ; )n|j4 

-E^l, 



> |L| + d(jk+l)-n> d(ik+l)-- 



3 #(/c+l) 



> 



By averaging, there exists an index iq G [•&] such that 



|L' | + |£"°| + 



(^ux !0 )n|j4 

Mk 



> 



k+l 



(8.11) 



Set <£"° = E'°. The matching consists of two vertex disjoint matchings J°\ and The matching 
J i is defined by /i = {e€ D'° : e n U#, ^ / 0} ■ We take ^ 2 any matching in G \S% n U#; ^ , Z> \ 

□ 



y^j 5^- Since \ Q\ <yk, such a matching can be found greedily. 



V(,f'»U /,)] that covers Q = S§ n U 
8.1 Proof of Proposition 18.11 

Suppose the tree T and the graph G satisfying the hypothesis of Proposition 18 . 1 1 are given. Throughout 
the proof we write a = 60y. 

For each i G [A] we define X' = {v G V, : deg(v,L') > /c/ (5$)}. Vertices in 

|Jl ! u |J r 

ieX ie[A] 

are substantial, vertices in 

= V \ I V U (J L ! ' U U X' 

\ ie[X] ie[X] 

are negligible. Observe that there are at most 2rjk negligible vertices. The substantial vertices are 
suitable for embedding: suppose we have a forest F of order at most /c/(5#) consisting of rooted com- 
ponents (ri,Ci), . . . , (r p ,C p ). Let vi G V;, , . . . , v p G VL be arbitrary distinct substantial vertices. Then F 
can be embedded in G so that every component C x is embedded in V, r , with its root r x mapped to the 
vertex v x . If G is Abundant, we set A C [A] to be the set of indices z'o such that |L'° | > (k + l)/2, and set 
S"° = ^f' = 0. If G is Deficient, we apply Proposition l8.7l to obtain an index z'o and two matchings 
and J* such that |Z> | + | | + | J* \ > (k + 1 )/2. We then set A = {z }. 

For each z'o G A, we shall try to embed the tree T so that most of the vertices of T are embedded 
in V; . We shall show that if all the attempts fail, then there exists a set Q satisfying the hypothesis of 
Proposition 18. II The embedding plan is as follows. We try to embed most of T in (a subset of) L'° and 
the internal vertices of T e into vertices which are well-connected to L'° (the leaves of T e being treated 
in the last stage). The set L'° may be not large enough to absorb all the vertices from T D , since we only 
know that \L l ° | > (1/2 — j)k+ 1 and T may be as large as k/2. We use the edges of the matchings S l<s 
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and J° 1% in order to distribute the excess parts of T outside V, . We want then to show that the set of 
vertices well-connected to L'° is large enough to absorb the internal vertices of T e . However, this need 
not to be the case; but then we are able to exhibit the desired set Q. 

The following statement provides an embedding of the tree, given a suitable embedding structure. 
We defer its proof to the end of the section. 

Proposition 8.8. For any tree T E 2?k+\ with £ < ock leaves the following holds. Let H and H K , K E I 

(the index set I is arbitrary) be vertex disjoint subgraphs of G. The graph H is bipartite, H = (A,B;E). 
Suppose that the graphs H, and H K (K El) have the following properties. 

• 8(H K ) > 25akfor each K El. 

• 8(A) > k. 

• There exists A «-> (\j K {V (H K ))) -matching S, and a family jtft of vertex disjoint A <-> (V\V(H)) <-» 
(\J K V(H K )) paths. Moreover, V(£)DV(^)=®. 

• l^l + l^l <ak. 

• \A\ + \#\ > \T \. 

• + + > |r e |-i. 

• 8(A,B) > \B\-ak. 

• The set B has a decomposition B = B a UB d , I^dl < ock, 8(B a ,A) > \A\ — ak, and there exists a 
family ^ = {P 1 ,...,P r } ofr = \B d \ vertex-disjoint A^B d ^A paths. Moreover, V(S) n (V(&) U 

v{j£)) = q>. 

Then there exists an embedding of T in G. 

For each z'o E A we try to find a structure suitable for applying Proposition 18.81 We do the following 
for each z'o E A. 

We write e = \<§"°\ and b = Fix a set L* C L'° of size \T \ — b — e which contains F = 

(y(d" )U^(/ /o ))nL' . Set W a = (Z> \L*)USj°. Note that |W a | > \T e \-yk. Take a maximum family 
& = {Pi, . . . ,P a } of vertex-disjoint (L* \ F) <-> (V \ (L* U W a )) <-> (L* \ F)-paths, and let W d be their 
middle vertices. 

Assume that |W a | + |W d | + |<#"'°| > |r e | - 1. Consider a family of paths C ^ by truncating ^ so 
that = minH^lja/i}, and denote W d ' the set of middle vertices of 2?' . We apply Proposition 18. 8[ 
setting the parameters of the proposition as follows: A = L*,5 a = W a ,5 d = W d , =2 = ^",<f = <f' U 
/ [ \Ji = 0,7 = [A] \ {/(,}, and //^ = G[L K US*] (for each K E I). Proposition [fi] will be used several 
other times. When using it later, we shall explicitly mention only those parameters of the proposition 
which differ from the ones above. 

Now, assume that |W a | + |W d | + |#'°| < \T e \ - 1. Then \^\ < yk. From each vertex u E U \ (F U 
V(&)) at least two edges e* = ux u and el = uy u are emanating into V \ (L* U W a U W d U <£" °). Set 

= UueL t \(Fuv(,!P)){ x u,yu}- By the maximality of @> all the vertices x u ,y u , (uEL*\ (F\JV (&>))) are 
distinct. At most I'&yk of these are negligible vertices. Denote the set of substantial vertices of Rj by 
M ;o , and call the set Yj = Rj n V the shadow of L*. If |M,- | > 2y&; then one can find a matching JY\ C 
Uu6L«\(Fuv(5 i ')){ e i l () e «} °f srze 7^> an d Proposition 18.81 can be applied (with <§ = g"° U4, = W d , 
and h = to show that TEG. Otherwise, |Fi | > 2|L*| - |^| - |M; | > 2|L*| - #//<:. The choice of 
L* C L'° was arbitrary, with the only restriction FCL t . Thus the above procedure can be applied for 
another choice of L*. Denote by F, the union of shadows corresponding to all possible choices of L* 
(for a fixed vertex u E L'°\ (F UV(£P)), the choice of x u and y u does not depend on the choice of L*). 
Thus we get that T C G by Proposition EU or |?j | > 2|Z> | - 3#y/c 
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Suppose that we were not able to use Proposition 18. 81 so far for any z'o £ A. If there exists i'o £ A such 
that |y; o n UigAUio} %l — 4/&> tnen T ^G. Indeed, one can find a family Jfi of at least yk vertex disjoint 

L'° <-> (?,•„ n UieA\{(o } ^ (U(eA\{( }^')"P at h s an d apply Proposition 18 . 8 1 with ^ = jV^. We assume 

in the rest that such iq does not exist. Since | UieA^'l > L^aG^'I ~~ 1^' n UyeA\{i } ^/'l)> we nave triat 



(GA 



>2£|L'|-4^ 2 7^- (8-12) 

;eA 



Sety = u eA ^ 

We distinguish three cases: 



(*1) Itholds \LC\Y\ <k/8ande(Y,V\Y) < ok 2 . 

Solution of (#1) : The idea is to show that the set Q = V \ Y satisfies the requirements of Proposi- 
tion [8TTJ To this end, it is enough to show that 

|gnL|>^|G|. (8.13) 

By the hypothesis of (XI), not many vertices in Y are large. Thus the ratio of the large vertices in 
the graph G[\J ieA Vi L)Y] is substantially smaller than one half. Then there must be substantially 
more than half of the large vertices in the complementary set Q, and (18.131) follows. We make the 
idea rigorous by the following calculations. For any i £ A set = \L'\. 

-n<\L\ < (X-\A\)k/2 + Y,k + \LnY\ + \LnQ\ + \L\{VU (J V)\ 

< (X-\A\)k/2+Y,k + k/8 + \LnQ\ + yn. 

ieA 



Thus, 



|Lnfi| > \n-{X-\A\)k/2-Y,h-k/%-yn 



2 



>\[ |^|-2£Zj)+|A|*/2-V8-27>i 




ieA 



v Q\ + \A\k/2-k/l> l -\Q\ 



which was to be shown. 



(#2) Itholds \Lf]Y\ > k/Sande(Y,V\Y) < ok 2 . 

Solution of (#2): We show that T C G. Since the average degree in the graph G[Y] is at least 
qk/20, there exists a subgraph //* C G[Y] with 8(H*) > qk/ 40. By averaging, there exists io £ A 
such that 

\Y k nV(H*)\>qk/(4Q#). (8.14) 

Fix such an index io. By (18.141 ) there exists a U° <-> V(H^) -matching $ of size ak/2. By Proposi- 
tion[H](with I = {*}) it holds ICG. 

(*3) It holds e(Y,V\ Y) > ok 2 . 

Solution of (#3): We show that T CG. The average degree of the bipartite graph G[Y,V\ Y] is 
at least qok. Thus there exists a graph C G[Y,V \ Y] with 8(H*) > qok/2. There must be an 
index io £ A such that |Yj n V(//*)| > ag&/ (2$). Fix such an index io and find matching <f as in 
(#2). By Proposition EH] (with 7 = {*}) it holds 77 C G. 
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Proof of Proposition \8.8\ Root T at an arbitrary vertex v G T . An c-induced path a\ ...a c+ \ C T is 
a path whose internal vertices have degree two in 7\ Take a maximum family & of vertex disjoint 
6-induced paths in T. We show that \V(^)\ >k— 19£. 

Let D 3 = {w G V(T) : deg r (w) > 3} and D ; = {«£V(r) : deg T (w) = i] for i = 1,2. By Fact 1341 
we have |D 3 | < £ (and |D 2 | > k- 21). From 

2£= £ deg(w) = |Di|+2|D 2 |+ £ deg(«) >2/c-3^+ £ deg(w) , 

uEV{T) »e£>3 »£-D3 

we deduce that there are at most 3£ + 1 maximal (w. r. t. inclusion) paths formed by vertices of degree 
2 or 1 not containing the root v. On each such maximal path, at most 5 vertices are not covered by 
Thus the total number of vertices uncovered by & is at most 5(3^+ 1) + |Z>3 1 + |{v}| < \9£. The order 
-< v naturally extends to an order of the paths of & . For a family C we write T([ to denote 
all the vertices of V and all vertices which are below some vertex of V{^'), i.e., 

m&)= U 

One can find a family 3% C & satisfying the three properties below. 
(PI) \®\ < \S\ + \J(\. 

(P2) \T{\M)\ <25ak, and 3(|<f| + |^f|) <mm{\T e nT(l 3?)\,\T nT(l <%)\}. 
(P3) ^ is a ^ v -antichain. 

We describe a procedure how to obtain such a family By an inductive construction, we first find an 
auxiliary family starting with = 0. While \&'\ < |<?| + |^#| we take a ^.-minimal path in & 
which is not included in & and add it to ffl' . By the bound \V(T) \ V{&)\ < 19£, in each step it holds 
that \T(i M')\ < 6\Se\ + \9ak, and obviously i\St\ < min{|r e n T(l M%\T C\ T{[ 

Let ffl be the ^ v -maximal elements of ffl' . The properties (PI), (P2), and (P3) are satisfied. 

Set d = 5ak. Take a family 3C = {X\, . . . ,Xa} of d 5-induced vertex-disjoint T e <-> T Q <-> T e <-> 
?o ?e paths, such that no path intersects {v} U T(| ^"). For any path R G ^ we write to denote 
its ^.-maximum vertex in r o , and set = Ch(##), c# = Ch(Z?s), and rf« = Ch(c«). We set £/ = 
An(V(£)UV(^)) and2=AnV(^). 

We now describe the embedding y of T. First note that we do not have to embed those leaves, whose 
parents are embedded in A. Indeed, having such a partial embedding, it easily extends to an embedding 
of T using high degrees of vertices in A. Hence we shall not embed them until the very last step. We 
embed the root v in an arbitrary vertex in A \ (U U Q). We continue embedding T greedily, mapping 
vertices from T to A \ (U U Q) and internal vertices of T e to B a . However, there are two exceptions in 
the greedy procedure. 

(51) If we are about to embed a vertex b R (for some R G ffl), then we do not embed it, neither the part 
of the tree T([ b R ). 

(52) If we are about to embed a vertex X2 which was part of some path x\X%Xj,x^ G X we skip its 
embedding, as well as the embedding of the vertices x 3 and X4. We continue with mapping X5 to 
B a . 

Observe that we are able to finish the greedy part of the embedding since the two "skipping rules" 
guarantee that both in A and in B at least d > ak vertices of T remain unembedded. 

In the next step, we build missing connections in the graph H caused by the skipping rules. 
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We construct an auxiliary bipartite graph = (0 & ,0\,\E\). We arbitrarily pair up 2(d — r) vertices 
of A\ (UUQ) unused by l/f into pairs jUi = {a\,a\},.. .,/J-d-r = { a d-r-* a d-r}- ^ ne remaining r pairs are 
formed by endvertices of the paths in J2, 

LH+d-r=AnV(Pi). 

Vertices of the color class 0\, are formed by the pairs /I,- (/ G [d]). Vertices of the color class O a are formed 
by the paths in ,9S . A path x\X2Xj,x^x$ G 3£ is adjacent in to a pair /I,- if and only if there exists a perfect 
matching in the graph H\{y{x\), va(x5 )},/!;]. Since \O a \ = |0t>| and 8(Ki) > \O a \ — 2ak > \O a \/2, there 
exists, by Proposition I3.6L a perfect matching Mi in K\. The matching M\ gives us instructions where 
to embed the vertices X2 and X4 of any path x^x^x^ G X . We extend y accordingly on the vertices 
^Jxix 2 x3X4x 5 eX'{ x ^^ x ^}- ^ a P atn X1X2X3X4X5 G 3£ was matched with }JLi + d-r (for some i G [r]) in ^1 then 
we embed x$ in the middle vertex of the path P,. We write S£' for those paths xxx^x-iX^ G 3£ whose 
vertex X3 was not yet embedded. It holds | X'\ > 4ak. 

Let x '■ & — > U be an arbitrary injective mapping. We construct another bipartite graph K2 = 
(J a ,Jb;E2). Vertices of the color class J a are elements of SC' (7 a = 3£') and vertices of the 
color class 7b are vertices of B a unused by \]/ (7b ^ #a)- A path R G S% is adjacent in K\ with an b G 7b if 
and only if fti//(a#) G E(H) and b%(R) G E(H). A path ^1X2^3X4X5 G is adjacent to a vertex ft G 7b 
if and only if by(y2) G E(H) and fty/^yzj) G E(H). There exists a matching M2 in K2 covering 7 a . The 
existence of the matching M2 in K2 covering 7 a is a direct consequence of Proposition 13.61 Indeed, 
$(K\) > |7 a | — 2yk > |7 a |/2, and |7 a | < |7b|. Such a matching gives us instructions where to embed 
unembedded vertices xj (in the case of a path X1X2X3X4X5 G 3C' and vertices bR (in the case of a path 
R G M). For a path R £ M we finish embedding the part of the tree T(l cr), extending the mapping 
iff. If y(cr) G V($ ) we just use the corresponding connecting edge of S" to embed dR in H K (for some 
KG/) and continue embedding P(j Jr) greedily in H K . If ^(cr) G we embed <i# in the middle 

vertex of the corresponding connecting path and embed the rest of T{\ dg) greedily in H K (for some 
K G /). □ 

8.2 Proof of Proposition HO 

In order to prove Proposition 1 8 .2 1 we need the following two auxiliary lemmas. 

Lemma 8.9. Let G be in a (j8,a) -Extremal, Deficient configuration. Let T G ^k+\ be a tree with a 
vertex r G V(T) such that the forest T — r contains a component C of order v(C) G [k/ (3i}),k — 4yk]. 
Then ICG. 

Proof By Lemmas and [33] we can assume that max{ | T e \V(C) |,| T a \V(C) \ } < (k+ 1 - v(C))/2 + 
(2yk + \)/2<k/2- 2yk, otherwise ICG. 

For i G [■&} define 51 = {u G 5 : deg(w,L') > (1/2 - y)k}. By (j8, a)-Extremality it holds that 
|5J| > (1/2 — j)k. By Lemma [831 there is at least one of the following three connecting structures in G. 
We show that T C G in each of the cases separately. 

(Al) There exists an edge xy, x G L n , y G U 2 , i\ 7^ z'2- 
(A2) There exists an edge xy, x G L' 1 , y G 5?, /1 7^ £2. 

(A3) There exists a vertex xo G S such that deg(xo,L) > (1/2 — y)&, and xq is adjacent to vertices of at 
least two different clusters L n ,L i2 (i.e., min{deg(xo,L !l ),deg(xo,L' 2 } > 1). 

To solve the cases (Al) and (A2) it is enough to map r to x, and use the edge xy to greedily embed C in 
G[L h -,Sf}. The part T — (V(C) U {r}) can be greedily embedded in G[L h ,Sl 1 ]. 

It remains to solve the case (A3). Let 1 be such an index i for which the value deg(xo,L ! ) is minimal 
positive. We embed r in xq, C in G[L l ,S^\. The forest F = T — (V(C) U {r}) can be greedily embedded 
in the clusters {V;}; (preserving adjacencies of r to the components of F). This is standard. □ 
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Lemma 8.10. Let F be a rooted forest with partition V(F) = 0\ U O2, such that O2 is independent. Let 
W be the set of leaves of F and set P = {u G 0% : |W n Ch(w)| = 1}. Let H be a graph and let A,B C 
V(H) be two disjoint sets such that \A\ > \Oi\, min{<5(A,A), S(B,A)} > \0\\ - f, S(A,B) > \B\ - f, 
\B\ > \02 \ W\, and 8(A) > v(F) — I. If \P\ > If, then there exists an embedding <p of F in H such that 
p(0i)CA 

Proof. Choose a subset P' C P of size |P'| = 2/. Consider the subtree F' = F — W', where W' = 
W n (0 2 UN(P')). We embed greedily the tree F' in A US, so that V(F') n 6>i maps to A and V(F') n <9 2 
maps to B. Denote this embedding by (p'. Next we want to embed the leaves W' HOi in A. Denote by A' 
the set of vertices in A that are not used by (p', i. e., A' = A \ (p(V(F')). We want to find a matching M in 
H[A' ,(p'(P')] that covers <p'(P'). By Proposition I3.6L such a matching exists since \A'\ >2f = \(p'(P')\, 
and 

S((p(P'),A')>f = \P'\/2, 8{A'MP'))>f=\P'\/2 . (8.15) 

We extend q>' to an embedding (p of F, by embedding W' C\0\ according to the matching M, and by 
embedding W f\Oi greedily (this is guaranteed by the minimal degree condition of the set A). □ 

A semiindependent partition (1/1,1/2) of a tree F is l-ideal if each of the vertex sets U\ and U2 
contains at least I leaves of F . 

If disc(r) > 2yk, then Lemma [831 ensures that KG. We shall further assume only the case 
disc(r) < 2yk. 

We prove Proposition I8.2l in two steps. In the first step we show that T has an 87^-ideal semiinde- 
pendent partition, or T C G. In the second step, we prove that if T has an 87^-ideal semiindependent 
partition, then ICG. 

First step. Denote by W e and W the leaves in T e and in T Q , respectively. Let W = W e U W e be the set of 
all leaves of T. Set w e = \W e \ and w = |W |. Remark that w e + w Q > 60jk. We distinguish three cases 
based on the values of w e and w e . 

1. If w e > 87^ and w > 87^, then (T , T e ) is an 87^-ideal semiindependent partition. 

2. If w e < Syk then it holds w Q > 52jk. We distinguish two subcases. 

• If |Par(W ) I < we consider sets Ui = T + (W a UPar(W )) and U 2 = T e + (W UPar(W )). 
The partition (U\,U2) is semiindependent with \U2 \ — \U\ \ > 727^:, a contradiction with the 
assumption disc(r) < 27^. 

• If I Par (W ) I > I67& then we choose an arbitrary subset P' C Par(W ) with |P'| = Syk and set 
W ' = N(P') n W . The partition (U x , f/ 2 ) defined by U\=T + (W^UP'), Ui = T c + (W^UP') 
is an 87^-ideal semiindependent partition. 

3. If w < Syk we use Fact l3.1l (Part 2) to find a full-subtree t C T rooted in a vertex r with £ leaves, 
where ^ G [207^,407^]. The choice of f has the property that 

min{\W e nV(f)\,\W e r)V(T)\V(f)\} > 12yik (8.16) 

Set d = \V(T) n T e \ — \V(T) n r o |. We distinguish six subcases. 

(CI) r G T e and J < gap(r) /2, (C2) r G r o and J > gap(r) /2, 

(C3) r G T e and d > gap(r) /2 + 1, (C4) r G r o and d < gap(r)/2 - 1, 
(C5) r G T e and d = (gap(T) + l)/2, (C6) r G r o and d = (gap(T) - l)/2. 
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In cases (C1)-(C4) we obtain an 87^-ideal semiindependent partition by flipping either V(T) (in 
cases (CI) and (C2)) or V(t) \{r} (in cases (C3) and (C4)) from the original partition (T ,T e ). 
Details are omitted. 

In the rest, we consider only the case (C5), case (C6) being analogous. We find an 87^-ideal 
semiindependent partition, or embed T in G. First observe that k is even. Consider the partition 
V(T) =<9iU<9 2 , where 0\ = T + V(T) and 2 = T e + V(T). It holds \O l \ = (k+2)/2, \0 2 \=k/2, 
andmin{|OinW|,|0 2 nW|} > 12)*. 

(*1) Suppose first that W n V{T - f) n N(r) / 0. Then take an arbitrary vertex u £ W n V (T - 
T) nN(r) and consider the partition {U\ , U 2 ), £/i = Oi {u}, U 2 = 2 + {«}. By (18.161 ). this is an 
87^-ideal semiindependent partition. Therefore we restrict ourselves to the case when W Q HV(T — 
f)nN(r) =0. 

(4*2) We claim that if there exist two distinct leaves z\,z 2 £ 0\ with a common neighbor {x} = 
Par({zi ,z 2 }), then there exists an 8yfc-ideal semiindependent partition (U\ ,U 2 ). By the assumption 
above we know that.* £ 2 . Set U\=0\-^{x,z\ : z 2 } and U 2 = 2 J r {x,zi ,z 2 }. Then \ U\ \ = |0i| — 
l=£/2and \Ui\ = \0 2 \ + 1 = k/2 + 1, and |i/irW| = |0ifW|-2, and |t/ 2 fW| = |0 2 fW|+2. 
From (18.161 ). the partition (Ui,U 2 ) is 8y&-ideal semiindependent. Therefore, we may assume that 
leaves in 0\ have pairwise distinct parents. 

(J|b3) We claim that there exists a vertex y £ Par(0i) flf such that deg(y) = 2. Suppose for 
contradiction that every vertex in Par(0i) n W has degree at least three. We have already observed 
that every vertex in Par(0i) C\W has exactly one leaf-child in 0\. Set = 0\ nV(f) flf and 
= T[V(T) \W*]. Observe that the leaves of lying in 2 coincide with the leaves of t lying in 
2 . We show that contains at least Syk leaves from T Q , contradicting the assumption w D < Syk. 
By FactOit is enough to show that |V(r*) n T \ > |V(T + ) n T e \ + Syk. 

|v(r,)nr | = |v(2;)n02| = |v(f)nro| 

(*) 

> \V(f)nT c \-2yk-2 

= |v(7;)nr e | + |w;| -2yk-2 

> \V(T,)nT e \ + Syk, 

where (*) follows from Lemma l33l Let z £ 0\ D W be a leaf of T with parent y, deg(y) = 2. We 
show that T C G in two cases (01) and (02) separately, based on whether G is in the Abundant 
or Deficient configuration. 

(01) If G admits an Abundant partition, then there exists an index i £ [A] such that \L'\ > (k + 
l)/2. As k is even, \U\ > (k + 2)/2. Choose L* C L' such that |L*| = (Jt + 2)/2. Define W* = 
{u £ W fl Oi : Par(w) £ 2 }, and let W' C W* be the set of leaves in W* with no brother/sister in 
W*. We claim that 

\(WnOi)\W*\< yk, and \W*\W'\ < yk. (8.17) 

Assuming (18.171 ). we can use Lemma l8. 101 with A = L* , B = SI U (L' \ L* ) , / = yk, and the partition 
(01 , 2 ) of the tree T to get ICG. 

It remains to prove (18- 17b - If |(Wn0i)\W*| > yk, then consider the partition (U\,U 2 ) with 
Ui = Oi \ ((IV n Oi ) \ W*) and t/ 2 = 2 U (W n 00 \ W*. If |W* \ W| > yfc, then consider the 
partition (Ui,U 2 ) obtained from (0i,0 2 ) by flipping (W* \ W) UPar(W* \W). In both cases 
\U 2 \ — \Ui\ > 2yk, a contradiction to our assumption that disc(T) < 2yk. 

(02) If G is in a Deficient configuration, then by Lemma [831 there exists an index i £ [■&] and a 
vertex v £ V such that deg(v,L ! ) + deg(v, \Jtfi(L j U S j )) > k/2, where S j = {u £ S : deg(u,L j ) > 
k/(3&)}. Set \ffi = deg(v,L') and \\r 2 = deg(v,\J jlti (U : t>S J )). All components of T - {r} have 



51 



size at most kj (6$), or by Lemma [8^91 the tree T embeds in G (the components cannot be larger 
than k — l&yk by the choice of r). Denote by the set of components of T — {r} of order at least 
2. Since 2 is an independent set, any component from has non-empty intersection with 0\. 
Choose J^2 C J?T with a maximum number of vertices in 0\ satisfying the following. 

• Ere«v(Z)<V(3*). 

Set J^i = J£T \ J^2. Map r to v and embed the components of J^ 2 greedily in (J -^(jy U 5 ; ') in such 
a way that the roots of the components are mapped to neighbors of v. 

If 1 7 (Jti) I < k- 6yk - 1, then from Lemma[33]we deduce that max{ | T n V ( ) | , | T e n V ( ) | } < 
k/2 — 2yk and thus the components of <%[ can be embedded in U U greedily. 

Hence, we suppose that |V(j^i)| > k — 6yk — 1. The maximality of J££ implies that | Jt 2 \ = y 2 . Set 
C/j = 6>i n V ( J^i ) and U 2 = 2 n V ( J£l ) . Observe that U 2 is independent. We show that \U\ \ < Vi . 
If r G 6>i, then 

l^i I < \Oi\- \X 2 \ - \{r}\ = - yn - 1 < ¥1 ■ 

It remains to analyze the case r<E0 2 . Let K G be the component containing the vertex z. Then, 
by the choice of Jfa, there exists a component K' G such that |Oj nV(A' / )| > 2. Again we 
conclude \Ui \ < - + 1) < Vi- 

Observe that min{ |£/i n W | , \U 2 Pi W | } > 9yk — 6yk — 1 > 2y&, and by previous assumptions, any 
two leaves in U\ have distinct parents that are in U 2 (the only leaves in 0\ with parents in 0\ are 
children of r and thus are not contained in Jjf). 

We embed the trees from Jt\ in V U S^. We distinguish two cases. 

• r£T e orr£T and |N(r)nt/ 2 | < (\/2-2y)k. 

We apply Lemma [Oj| with A = L' D N(v), 5 = n N(v), the partition of the forest W{X\) 
being (U\,U 2 ), and P = Par(f/i) (recall that leaves in U\ have pairwise distinct parents in 
U 2 ). 

• r G T and |N(r) n £/ 2 | > (1/2 - 2y)k. 

Set X\ = {K G ^1 : v(/sT) = 2,N(r)nV(Z) C U 2 }. Then v(Jf \ J^) < 2yk. Consider 
the partition (U\,U 2 ) obtained from (U\,U 2 ) by flipping <%[. Then \U\\ < Yi- Construct 
an embedding of the forest induced by \ such that 0(V(J£i \ J#i) fl Ui) C L ! , 
0(y(j*i\J^)nf7 2 ) C5j > and0(V(J^\J^)nN(r)) CN(v). 

The embedding of {r} UV(Jf) can be extended to the whole tree 7\ as r is mapped to L. 

Second step. We assume that T has an 8y&-ideal semi-independent partition {U\,U 2 ). The proof goes 
very similarly as in (01), for the Abundant case, and as in (<C>2) for the Deficient case. Details are 
omitted. 
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